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PEEFACE. 



The present work is intended to be placed in the hands 
of beginners, and to serve as an introduction to the larger 
treatise on Plane Trigonometry, published by the author. 
The same plan has been adopted as in the Algebra for 
Beginners : the subject is discussed in short chapters, and 
a collection of examples is attached to each chapter. 
Many of these examples are original and have been con- 
structed with reference to the most important points and 
to the usual difficulties of beginners ; the rest have been 
derived from College and University Examination Papers. 

Especial attention has been paid to the numerical 
calculations which occur in Trigonometry, in order that 
the work may be suitable for those who wish to confine 
themselves to the practical solution of triangles, as well as 
for those who intend to advance in the study of mathe- 
matics. 

The subject is arranged in the order which appears 
most convenient for beginners ; an acquaintance with the 
books of Euclid which are usually read, and with the rudi- 
ments of Algebra, being all that is assumed. The first 
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vi PREFACE. 

fourteen chapters present the geometrical part of Plane 
Trigonometry ; they contain all that is necessary for practi- 
cal purposes. The remaining chapters are of a more ana- 
lytical character, and are important in the Theory of 
Mathematics. It will be found that the order of study 
may be varied at the discretion of the teacher, and the 
theoretical part taken at an earlier period. 

The range of matter included is such as seems required 
by the various examinations in Elementary Trigonometry 
which are now carried on in the country ; it is hoped that 
nothing has been omitted which usually finds a place in 
such examinations. 

Any remarks relating to the book, and especially the 
indication of difficulties or omissions in the text or the 
examples, will be most thankfully received. 



I. TODHUNTER. 



Cambridge, 
Oct. 1866. 
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TRIGONOMETRY FOR BEGINNERS. 



I. Measurement of Angles by Degrees or Grades. 

1. The word Trigonometry is derived from two Greek 
words, one signifying a triangle, and the other signifying 
/ measure. Plane Trigonometry originally denoted the 
science in which the relations subsisting between the sides 
and the angles of a plane triangle were investigated, and 
the modes of investigation were almost entirely geometrical. 
But now the term Plane Trigonometry has a wider mean- 
ing, and comprises investigations with respect to plane 
angles whether forming a triangle or not, and the investi- 
gations are made by the aid of algebraical symbols and 
formulae. Before beginning the present treatise the student 
should therefore become acquainted with Algebra, at least 
as far as the solution of simple equations. The parts of 
the elements . of Euclid which are usually read are also 
necessary. 

2. We have first to explain how angles are measured. 
Some angle is selected as the unit, and the measure of any 
other angle is the number of units which it contains. Any 
angle might be taken for the unit, as for example a right 
angle; but a smaller angle than a right angle is found more 
convenient. Accordingly a right angle is divided into 90 
equal parts called degrees ; and any angle may be estimated 
by ascertaining the number of degrees which it contains. 
If the angle does not contain an exact number of degrees 
we can express it in degrees and a fraction of a degree. A 
degree is divided into 60 equal parts called minutes, and a 
minute into 60 equal parts called seconds; and thus a 

1 
j / 



2 MEASUREMENT OF ANGLES. 

fraction of a degree may if we please be converted into 
minutes and seconds. 

3. Thus, for example, half a right angle contains 45 
degrees; a quarter of a right angle contains 22J degrees, 
which we may write in the decimal notation 22*5 degrees, 
or we may express it as 22 degrees 30 minutes; one- 
sixteenth of a right angle contains 6| degrees, that is, 5*625 
degrees, or 5 degrees, 37 minutes, 30 seconds. 

4. Symbols are used as abbreviations of the words 
degrees, minutes, and seconds. Thus 5° 37' 30" is used to 
denote 5 degrees, 37 minutes, 30 seconds. 

5. The method of estimating angles by degrees, mi- 
nutes, and seconds, is almost universally adopted in practical 
calculations. Another method was proposed in France, 
towards the end of the last century, m connexion with a 
uniform system of decimal tables of weights and measures. 
In this method a right angle is divided into 100 equal 
parts called grades, a grade is divided into 100 equal parts 
called minutes, and a minute is divided into 100 equal 
parts called seconds. On account of the occurrence of the 
number one hundred in forming the subdivisions of a right 
angle, this method of estimating angles is called the cen- 
tesimal method; and the common method is called the 
sexagesimal method, on account of the occurrence of the 
number sixty in forming the subdivisions of a degree. The 
centesimal method is also sometimes called the French 
method, and the sexagesimal method is called the English 
method. 

6. Symbols are used as abbreviations of the words 
grades, minutes, and seconds, in the centesimal method. 
Thus, 6 f 37 x 30" is used to denote 5 grades, 37 minutes, 
30 seconds in the centesimal method. A centesimal minute 
and second are not the same as a sexagesimal minute and 
second, and the accents or dashes which are used to denote 
minutes and seconds in the two methods are distinguished 
by sloping in different directions. 

7. In the centesimal method any whole number of 
minutes and seconds may be expressed immediately as a 
decimal fraction of a grade. Thus, 37 centesimal minutes 
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MEASUREMENT OF ANGLES. 3 

37 
are — of a grade, that is, '37 of a grade ; and 30 cen- 

30 
tesimal seconds are , ^ of a grade, that is, # 003 of a 

grade. Hence 5 f 37' 30" may be written as 5*373; and 

/ 1 \th 

since a grade is f — j of a right angle, 5*373 may be writ- 
ten as '05373 of a right angle. Notwithstanding this great 
advantage of the centesimal method, the sexagesimal 
method has been retained in practical calculations, be- 
cause the latter had become thoroughly established by 
long use in mathematical works, and especially in mathe- 
matical tables, before the former was proposed; and such 
works and tables would have been rendered almost useless 
by the change in the method of estimating angles. The 
centesimal method is not practically used even in France. 

8. Although the centesimal method is not used in 
practical calculations it is customary to give an account of 
the method in works on Trigonometry; and it is shewn 
how to compare the numbers which measure the same 
angle in the English and French methods. This we shall 
explain in the next three Articles. 

9. To compare the number of degrees in any angle 
with the number of grades in the same angle. 

Let D be the number of degrees in any given angle, G 
the number of grades in the same angle. Then, since 

there are 90 degrees in a right angle, — expresses the 

*7Vr 

ratio of the given angle to a right angle ; and, since there 
are 100 grades in a right angle, — also expresses the 
ratio of the given angle to a right angle. 

90 100 J 



Hence 



.ten*™ »-S«=B«-«->, 



1—2 
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4 MEASUREMENT OF ANGLES. 

The formula Z>=6?-— G gives the following rule: 

From the number of grades in any angle subtract one- 
tenth of that number; the remainder is the number of 
degrees in the angle. 

The formula G = D+-D gives the following rule : To 

the number of degrees in any angle add one-ninth of thai 
number; the sum is the number of grades in the angle. 

10. To compare the number of English minutes in 
any angle with the number of French minutes in the 
same angle. 

Let m be the number of English minutes in any angle, 
/* the number of French minutes in the same angle. Then, 
since there are 90x60 English minutes in a right angle, 

— — — r expresses the ratio of the given angle to a right 

angle ; and since there are 100 x 100 French minutes in a 

right angle - ** also expresses the ratio of the given 

100 X 100 

angle to a right angle. 

Hence p 



90 x 60 100 x 100 ' 
therefore m-jl^-g* 

and M = 2 - 7 ^ 

1 1. Similarly, if s be the number of English seconds in 
any angle, and <r the number of French seconds in the 
same angle 

s <r # 

90 x 60 x 60 ~" 100 x 100 x 100 ; 
AL m 9x6x6 81 

therefore « = i x 10x10 ^250^ 



~X cr-^f. 



250 
81 
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ExAMPLEa I. 

Express the following six angles in the French mode: 

1. 54°. 2. 1° 21'. 

3. 6° 18'. 4. 9° 49' 57". 

5. 27° 41' 51". 6. 67°'4325. 

Express the following six angles in the English mode : 

7. 30*. 8. 3«50\ 

9. W 42 % 50 v \ 10. 20« 77 % 50*. 

11. 31* T 50". 12. 76»-452. 

Express the following six angles in both modes : 

13. - of a right angle. 14. - of a right angle. 

O 8 

15. -- of a right angle. 16. — of a right angle. 

17. The angle of an equilateral triangle. 

18. The angle at the vertex of the isosceles triangle 
described in Euclid iv. 10. 

19. The sum of two angles is 30 grades, and their 
difference is 9 degrees : find each angle. 

20. The difference of the two acute angles of a right- 
angled triangle is 20 grades : find the angles in degrees. 

21. Find the number of English minutes in a grade. 

22. Find the number of English seconds in a French 
minute. 

23. Find the number of French minutes in a degree. 

24. Find the number of French seconds in an English 
minute. 

25. Find the ratio of an angle of 1° 25' to an angle of 
1« 25\ 
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6 TRIGONOMETRICAL RATIOS. 

II. Trigonometrical Ratios. 

12. There are certain quantities connected with an 
angle which are called the Trigonometrical Ratios of the 
angle ; in the present Chapter we shall define these. Trigo- 
nometrical Ratios, and demonstrate some of their most 
important properties, confining ourselves to angles less 
than a right angle. It will be seen as we proceed with 
the book that the whole subject rests on the definitions 
and properties contained in the present Chapter. 

13. Let BAG he any acute angle; take any point in 
either of the containing straight lines, and from it draw a 
perpendicular to the other straight line: let P be the 
point in AC, and PM perpendicular to A B. We shall 
use the letter A to denote the angle BAG 




The following are the definitions of the Trigonometrical 
Ratios of the angle A : 

-m > that \ & I >ef ^ >en ?L ig called the sine of A ; 

AP ' hypotenuse ' 

—rri , that is i , is called the cosine of A; 

AP hypotenuse 

~jjf* that is P eir P e ? 9 ig called the tangent of A ; 

S' thatl8 ^^Sk^' i8Calledthecoto ^" of ^ : 

-r*>, that is -~ , is called the secant of A : 

AM 9 base ' * 

nm that is — *£—- — — is called the cosecant of A. 
PM ' perpendicular 
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TRIGONOMETRICAL RATIOS. 7 

When the cosine of A is subtracted from unity the re- 
mainder is called the versed sine of A. When the sine of 
A is subtracted from unity the remainder is called the 
cover sed sine of A. But the term versed sine is not often 
used, and the term coversed sine is scarcely ever used. 

14. The words sine, cosine, &c. are usually abbreviated 
in writing and printing; thus the above definitions may 
be expressed as follows : 

. A PM A AM 

* mA = AP> C0 * A =AP> 

. A PM . A AM 

A AP A AP 

* ecA = AM> <**™ A =J>m> 

vers-4 = l— cos-4, covers A = l -sin A. 

15. The sine, cosine, tangent, cotangent, secant, cose- 
cant, versed sine, and coversed sine of an angle are called 
the Trigonometrical Ratios of the angle : it will be seen 
from the definitions that the term ratio is appropriate, be- 
cause each of the quantities defined is the ratio of one 
length to another, that is, each of the quantities is some 
arithmetical number or fraction. The Trigonometrical 
Ratios have been sometimes called Trigonometrical Func- 
tions, and sometimes Goniometrical Ratios or Functions. 

16. The excess of a right angle over any angle is called 
the complement of that angle. Thus if A be the number 
of degrees in any angle, 90 -A is the number of degrees in 
the complement of the angle. This affords another method 
of defining some of the Trigonometrical Ratios : after de- 
fining, as in Art. 14, the sine, tangent, and secant of an 
angle we may say : 

the cosine of an angle is the sine of the complement of 

that angle ; 

the cotangent of an angle is the tangent of the complement 

of that angle ; 

the cosecant of an angle is the secant of the complement of 

that angle. 
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TRIGONOMETRICAL RATIOS. 



For in the triangle PAM the angle APM is the com- 
plement of the angle A; and 

• a t> •»*■ perpendicular AM A 

sin APM= * * - = ~rjz =cos A ; 

hypotenuse AP ' 

t^APM= P er ^ e f imUlr = ^=cot^ ; 
base MP ' 

a t> «*- hypotenuse AP A 

BeoAPM=— MI1 T = - 1 r rB =cosecA. 

base MP 

These results may also be expressed thus : 

the sine of an angle is the cosine of the complement of 
that angle ; 

the tangent of an angle is the cotangent of the complement 
of that angle ; 

the secant of an angle is the cosecant of the complement 
of that angle. 

17. The Trigonometrical Ratios remain unchanged 
so long as the angle remains unclianged. 




Let BACbe any angle ; in AC take any point P, and 
draw PM perpendicular to AB ; also take any other point 
P f , and draw PM perpendicular to AB. Then, by similar 
triangles, Euclid vi. 4, 



PM_ P>M' 
AP" AP' 
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TRIGONOMETRICAL RATIOS. 9 

that is, the sine of the angle A is the same whether it be 
formed from the triangle APM or from the triangle 
APM'. 

The same result holds for the other Trigonometrical 
Ratios. 

Or we may suppose a point P" taken in .42? and P"M" 
drawn perpendicular to AG; then the triangles APM and 
AP"m" are similar, and 

PM P"M" 



AP AP" # 

18. We have now defined the Trigonometrical Ratios, 
and have shewn that each Ratio has only one value so long 
as the angle is unchanged : we proceed to establish certain 
relations which hold among the Trigonometrical Ratios. 

19. We have immediately from the definitions 

. . . A PM AM , 
tan^xcot^= 2S x-^=l, 

therefore tan^ = — T - l9 cot-4=T A \ 

cot A' tan A ' 

A , AP AM , 

sec A x cos A = -n> x -777=1. 
AM AP ' 

therefore sec A = 1 , cos A = - 



cos-4' sec.4 

A . A AP PM , 
cosec A x sm -4 = -f^— x -r^=l, 

therefore cosec A = - — 7 , sin -4 = 



sin -4' cosec ^4 

A1 . A PM PM AM sin ^4 

^ ^ A =AM=AP + AP=^A> 

A _AM AM PM cos A 
™ 1j1 -PM- AP* AP ~^TA' 
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10 TRIGONOMETRICAL RATIOS. 

20. To shew that (sin Af + (cos A)* = 1. 




In the right-angledjtriangle APM we have 
PM*+AM*=AF>; 

therefore -^ — = 1, 

., - PM* , AM* , 

therefore __+_ ? . = lj 

therefore (zp") + (zp ) = X ; 

that is, (sin ^4)* + (cos A) 2 = 1. 

21. With respect to the preceding demonstration it 
should be remarked that it is shewn in Euclid i. 47, that 
the square described on the hypotenuse of a right-angled 
triangle is equal to the sum of the squares described on the 
sides ; and it is known that the geometrical square described 
on any straight line is measured by the arithmetical square 
of the number which measures the length of the straight 
line. From combining these two results we obtain the 
arithmetical equality PM 2 + A M 2 =AP 2 9 which is the foun- 
dation of the preceding demonstration. 

22. It is usual for shortness to write (sin A) 2 thus, 
sin 2 -4 ; similarly (sin A)* is written thus, sura. The same 
mode of abbreviation is used for the powers of the other 
Trigonometrical Ratios ; and so the result obtained in 
Art. 20 is usually written thus, 

sin 2 A+ cos* -4 = 1. 
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TRIGONOMETRICAL RATIOS. 11 

23. To shew that 

(sec Af= 1 + (tan A)\ and (coscc Af= 1 + (cot A?. 
In the right-angled triangle APM (see fig. to Art 20) 
we have AI»=AM*+PM*, 

therefore _- = ! + -_., 

•— ear— ©)*. 

that is, (sec ^4)*= 1 + (tan -4)2. 

Again ^P 2 =P3f 8 +^Af*; 

therefore (j$=* + (j£$i 

that is, (cosec^4)*= 1 + (cot Af. 

The results here obtained are usually written thus, 
sec*-4 = l+tan , -4, cosec 2 -4 = l+cot , -4. 

24. By means of the relations which have been esta- 
blished in Arts. 19 — 23 we can express all the Trigono- 
metrical Ratios in terms of any one of them. 

Thus, for example, we will express all the rest in terms 
of the si ne: 

cosA = V(l - an" A) (Art. 20), 

sec-4 = 7-= "771 — : ~rT\ (Arts. 19, 20), 

cos A ^(l-sinM) v ' n 

cosec.4=- — i (Art. 19), 

sin -4 \ n 
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12 TRIGONOMETRICAL RATIOS. 

vers A = 1 -cos A = 1 -^(1 -sinM) (Art. 20). 

Again, we will express all the rest in terms of the 
tangent : 



sin A = 



1 


1 


cosec-4 


"is/(l + cot 2 ^)' 




tan A 




"^/(1 + tanM) 


1 


1 



\/( 1+ ta^) 
(Arts. 19, 23), 



C08 ^ = se^ = V(l-ftanM) ( Art8l9 > 23 >> 

Q0iA= i^A < Artl9 >> 

sec 4 = ^/(l + tanM) (Art. 23), 

sin A tan -4 * 

vers^ = l-cos^4 = l- -77^-7-7 — s-tt. 
is/(1 + tan 2 A) 

25. If we have given the value of one of the Trigo- 
nometrical Ratios we can thus find the values of the rest. 

3 
Suppose, for example, that sin -4 = - ; then we have 

o 

c^=v(i-smM)=y(i-!)=yg4 

. .sin A 34353 . A 1 4 

tan<d= i = ^r = r x : = 7j cot-4=T x=o» 

cos^4 5 5 5 4 4' tan-4 3' 

A l 5 a * & 

sec A = — — I = 7 , cosec-4 = - — 1 = «> 
cos-4 4' ,sin^l 3' 

vers -4 = 1 -cos -4 = 1 -- = - . 
5 5 
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Examples. II. 

Find the values of the other Trigonometrical Ratios 
in the following eight examples, having given : 

12 40 

1. sin^s--. 2. sinA=— . 3. cos^ = '28. 
lo 41 

4. 008.4 = — . 5. tan.4 = ~. 6. sin A = -. 

ol o 6 

7. sin A = —= — - . 8. cos A = 



m*+l m 2 +?r 

Demonstrate the following identities : 

9. (sin^ + cos.4) 2 +(sin^-cos.4) 2 =2. 

10. sin 2 ^4 -cos 2 2?=sin*2?-cos 2 .4. 

11. aec 2 A cosecM = sec 2 .4 + cosecM. 

12. sin 4 A + cos 4 .4 = 1-2 sin 2 -4 cos'^f. 

1 3. tan A + cot A = sec .4 cosec A . 

1 4. sin*-4 - cos 4 A = sin 2 A - cos 2 A. 

• * a x a 9 a x a 1-2 sin 2 .4 cos 2 ^4 

15. sin 2 .4 tan A + cos 2 A cot A = : — - A A — . 

sin .4 cos .4 

16. sin 2 ^ + vers* A = 2 (1 -cos A). 

17* sin* A + cos 9 A = (sin A + cos A) (1 — sin A cos A). 

18. sin 6 .4 + cos 6 A - sin 4 A + cos 4 A -sin 2 .4 cos 1 A. 

19. sin 2 A tan'M + cos* ^4 cot 2 A = tanM + cot* A - 1. 

20. sin A tan 2 A + cosec A sec 2 A —2 tan A sec A 

= cosec A —sin A. 

21. (sin A cos B 4- cos .4 sin 2?) 2 

+ (cos .4 cos B— sin .4 sin 2?)*= 1. 

22. (1 + sin A + cos ^4) J =2 (1 + sin A) (1 + cos A). 

23. (l-sin^-cos^) 2 (l + sin^ + cos^) 2 

=4 sin 2 .4 cos 2 .4. 

24. (1 + sin A -cos A) 2 + (1 +cos .4 -sin .4) 2 

=4(1 -sin .4 cos A). 
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14 RATIOS FOR CERTAIN ANGLES. 

III. Values of the Trigonometrical Ratios for an 
angle of±b\ of 60°, of 30°. 

26. In this Chapter we shall find the values of the 
Trigonometrical Ratios for certain angles. 

27. To determine the values of the Trigonometrical 
Ratios for an angle of 45°. 




Let BAC be an angle of 45° ; take any point P in AC, 
and draw PM perpendicular to AB. Since PAMh half 
a right angle, APM is also half a right angle ; therefore 
PM=AM. 



Now 
thus 



PM*+AM*=AP*- 9 
2PM* =AP*; 



PM 1 

AP~ J2' 



therefore ( -jp ) = s '» therefore 

Thus Sin4fi0=^=-l- 2 ;cos46«=^=-^. 
tan 45^=1; coU5'=;g£=l. 

JP JP 

sec45°=2^= N /2; cosec45°=~ Sr = N /2. 



vers 45°= 1 - cos 46°= 1 - 



N/2" 
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15 



28. To determine the values of the Trigonometrical 
Ratios for an angle of GO and for an angle qfZO . 




Let APR be an equilateral triangle, so that the angle 
PAR contains 60 degrees; draw P M perpendicular to AR, 
then AM=MR; 

therefore AM=\AR=\AP. 

AM 1 



Thus cos 60° = 



AP ~2' 



sin 60«= N /(i>cos'60)= ^/(l-J) = J\= ^l 



1 



sec 60°= 



cos 60° 



=2; cosec600= sl J^=A. 



vers 60° = 1 -cos 60°= 1 -\ = i . 

The Trigonometrical Ratios for an angle of 30° may be 
found by Art. 16: thus 

sin 30° = cos 60° = | ; cos 30° = sin 60° = -^ ; 



tan 30°= cot 60°=-^; 



sec30°=cosec60°= 



V3' 



vers 30°= 1 -cos 30°=1 - —-. 



cot 30°= tan 60°= V3; 

cosec 30° = sec 60° = 2; 
s/3 
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16 RATIOS FOR CERTAIN ANGLES. 

29. The Trigonometrical Ratios for any angle can be 
found approximately; the ratios are seldom capable of 
being expressed exactly, as they are in the special cases 
which we have here considered, but the calculations may be 
carried to any assigned degree of accuracy. We shall not 
enter into an account of the processes of calculation in the 
present work, but may refer to the more complete treatise. 
It will be sufficient to state as a fact that tables may be 
easily procured which give to seven places of decimals the 
sine of any angle which can be expressed in degrees and 
minutes; the other ratios can be determined when the 
sine is known. 

30. Although we shall not explain the mode in which 
the tables are constructed, yet the student will readily see 
as he proceeds with the subject that various formulae occur 
which might be useful in calculating the values of the Tri- 
gonometrical Ratios. Especially he may notice the for* 
mules hereafter to be given by which we may determine the 
Trigonometrical Ratios for an angle which is the sum or the 
difference of two other angles having known Trigonome- 
trical Ratios. And we shall give a formula in the next 
Article which will enable us to determine the Trigonome- 
trical Ratios for the halfot an angle when the Trigonome- 
trical Ratios of the angle itself are known. 

31. To express the tangent of half an angle in terms 
of the sine and cosine of the angle. 




Let BOC be any angle, which we will denote by A. 
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RATIOS FOR CERTAIN ANGLES. 17 

Take any point P in 00. With as centre, and OP as 
radios, describe a circla Produce BO to meet the circum- 
ference at Z>. Draw PM perpendicular to OB; and join 

By Euclid in. 20 the angle PDM =\A. 
NowtanPZ>Jf-~ PJrf PM PM 



DM DO + OM~OP + OM' 

Let OP=a; then 

PM 

Op- = sin A, therefore PM= a sin A, 

OP =cos A, therefore 0M=a cos A. 

Thus tan PDM= «^ «!?bi_ . 

a+a cos -4 1 + cosJ' 

that is, tan£-4 = - j. 

' ^ l+cos-4 

32. By the preceding Article when sin A and cos A 
are known we can determine tan kA ; and then by Art. 24 
we can deduce from tan £.4 the values of the other trigono- 
metrical ratios of \A. 

For example, suppose A = 30^, then \A = 15°. 
1 

. 1K0 sin 30° 2 l 

tan 15°- 



l + cos30° , g3 2+^3' 
2 

we may multiply both numerator and denominator of the 
last fraction by 2— ^3, and thus we obtain the more 
convenient result tan 15° = 2 - ^/3. 

By Art 23 sec 1 1 5°= 1+ tan' 15=l + (2- V3) , =8-4 N /3. 

Hence we find sec 15° by taking the square root of 8 — 4 ^3 ; 
it is shewn in Algebra how to extract this square root ; it 
is easy, by squaring both members, to verify tnat 

,/8-4 ,s/3=0s/3- 1)^2. 

2 
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18 RATIOS FOB CERTAIN ANGLES. 

Hence sec 15°= (Jz - 1) ^2. 

1 >JZ+1 V3 + 1 

00815 "U/3-iy2""(V3 + l)(^-l)^" 2^2 ' 

cot 15°=;—^- =2 + \/3. 

tan 15° v 

cosecMS^l + cot 2 15 = 8+4^3, 
cosecl5°=(V3 + l)/s/2. 

^ 160= (73^=^- 

Since the Trigonometrical Ratios for an angle of 15° are 
known we can immediately deduce those for an angle of 75° 
by Art. 16. 

33. The student should render himself perfectly familiar 
with the values of the Trigonometrical Ratios for an angle 
of 30°, 45°, or 60° ; as they will be perpetually used in the 
subject Thus, for example, if an angle of 60° occurs it 
may be necessary to have the cosine of this angle, which 
has been found to be \. And conversely, if the cosine of an 
angle is known to be jr, and the angle is less than a right 
angle, the student wifl immediately infer that the angle 
contains 60°. Should there be any difficulty in this infer- 
ence it will be removed by the remarks made hereafter, in 
which it will appear why we introduce the restriction that 
the angle is less than a right angle. 

34. It may be observed that if an angle be less than 
45° the cosine of the angle is greater than the sine, and if 
the angle be greater than 45° and less than 90° the cosine 
is less than the sine: these results follow immediately from 
the figure in Art. 13, since the greater side in a triangle is 
opposite to the greater angle. 

35. From the result given in Art. 31 we can deduce 
some other results which will be useful hereafter, while the 
process will serve to apply some of the formulae already 
established. 

We hare (tan^)'= (1 ^^V 
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RATIOS FOR CERTAIN ANGLES. 19 
hence, by Art. 20, 

V 2 ' (1+C0S-4)* (l+COS-4)* 

Thus (tan^)8=l^??4 (1). 

But) by Art. 23, 

(secJ^^l + Ctani^) 8 

, l-cos-4 2 

l + cos-4 l+cos.4' 
therefore, by Art. 19, 

/ i ^\« l + COS-4 /<%s 

(cos£^)*.-= — 2 (2), 

and (sin \A)*= 1 -(cos \A?= i- l+c ™ A 



(3). 



l-co&A 

2 

And sin -4 =(1 + cos .4) tan £-4 

=2(co8i^j^ = 2sin^co8^...(4). 

In these Articles we use the form (tan %Af as most 
intelligible for a beginner; but for abbreviation this is 
commonly written thus, tanH-d : similarly, sinH-d is written 
for (sin i^) 2 . 

The results contained in (2) and (3) may be presented 
thus : 
cos ^4 =.2(cosi^) 2 -l = 1 -2(sin \ A? =(coalA? -(sin \A)\ 

Suppose we put 22? for A in (4) ; we thus obtain 

sin 22?= 2 sin 2? cos 2? (5). 

The student will have to accustom himself to such 
changes as we have here exemplified: he must regard 
(4) and (5) as expressing under slightly different forms ex- 
actly the same result, so that from either form the other 
immediately follows. 

Another demonstration of the results obtained in Art. 31 
and in the present Article will be found in Art. 184. 

2—2 
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20 EXAMPLES. III. 

Examples. III. 
Find A from the following equations : 

1. 3sin^=2cosV4. 

2. seo^tan-^2^/3. 

3. secM-2 sec -^" f 1 = * 

4. 6cotM-4oos 2 ^ = l. 

5. 3cosec 2 ^4 + 8sinM = 10. 

6. tan a .4-4tan^l + l = 0. 

Find A and B from the following equations : 

sin J 4_ . cos A _ *J2 

7 ' siaB"^ ' cosB ^3' 

sin A _ JZ coaA _ 1 

8# cos^" ^2' sin^ ^2* 

9. cob{A-B)=-^, sm{A-B)=cos(A + B). 

10. cos(2^ + £) = |, sin(3^-£)=^. 

11. tan (4^1 + 7^=2+^3, tan(5^-7£)=2-V3. 

12. sin.4+8in2?= J2, sin s ,4 + sin*2?=l. 

13. Find A f B, and C from the equations 

cob(A+B+C)=\, sm(A+B-C)=l, tan(£+C7) = l. 

14. Find the Trigonometrical Ratios for an angle 
of 22i°. 

15. Find tan 7£°. 16. Find tan 37i°. 

Digitized by VjOOQ IC 



APPLICATIONS OF TRIGONOMETRY. 21 



IV. Applications of Trigonometry. 

36. In the present Chapter we shall give some exam- 

Eles of the use of the Trigonometrical Ratios. It will not 
e possible to supply any great variety or extent of illustra- 
tion, because at present we have not advanced beyond the 
simplest elements of the subject ; but the student may be 
led to take more interest in Trigonometry from seeing even 
at this early stage that it admits of valuable practical 
applications. 

We begin by demonstrating an important proposition, 
which connects the sides of a triangle with the Trigono- 
metrical Ratios of the angles. 

37. In a triangle the sides are proportional to the 
sines of the opposite angles. 




Let ABC be a triangle ; from A draw AD perpen- 
dicular to the opposite side, meeting that side at D. 

AD 

Thus -rn = sin 2?, therefore AD=ABsinB; 
AB 

AD 
and -jy^ =sin C, therefore AD=ACsin C; 

therefore AB amB=A Csin C ; 

AB sin C 



therefore 



AC sinJ9* 



This shews that the proposition is true for any pair of 
sides. 
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22 APPLICATIONS OF TRIGONOMETRY. 

We suppose that the two angles considered are acute; 
this will be sufficient for the applications we shall make in 
the present Chapter : the case of a triangle with an obtuse 
angle will be considered hereafter. 

It is usual to denote the lengths of the sides of a triangle 
opposite to the angles A, B, C respectively by the letters 
a, b, c. 

38. The applications we are about to make of Trigono- 
metry will consist of some examples of the calculation of 
heights and distances. We shall assume that the lengths of 
straight lines on the ground can be measured, and also that 
the angle between any two straight lines which meet at the 
eye of an observer can be measured. Lengths are usually 
measured by means of a chain. Angles are usually mea- 
sured by a sextant or by a theodolite. A sextant will 
measure the angle between any two straight lines drawn 
from the observer's eye. A theodolite will measure the 
angle between any straight line drawn from the observer's 
eye and the horizontal straight line drawn in the same verti- 
cal plane as the former straight line : a theodolite will also 
measure the angle between two horizontal straight lines 
drawn from the observer's eye, one in one assigned vertical 
plane, and the other in another assigned vertical plane. 
A fuller account of the instruments used in measuring 
distances will be found in works on Surveying. 

39. To find the distance of an inaccessible point on a 
horizontal plane. 




Let C be the inaccessible point Measure any straight 
line AB in the horizontal plane containing C. At A observe 
the angle CAB, and at B observe the angle ABC. Then 
the angle ACB is known, by Euclid h 32. 
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AC sin ABC 



Now 
therefore AC- 



AB sin A CB' 
AB sin ABC 



smACB ' 
thus AC is known. 

Suppose we require the perpendicular distance CD of 
C from the straight line AB ; we have 

CD . ^ , „ 
-j^=sin CAB; 

therefore CD=A Csin CAB 

ABmi ABCsm CAB 
sinACB : 

thus CD is known. 

40. To find the height of a visible accessible object. 




Let P be the top of the object, and let it be required 
to find the height PC. Measure any distance CB in a 
horizontal straight line from the foot of the object ; at B 
observe the angle PBC. Then 

g;=tanP2K7, 

therefore PC=BCtxnPBC: 

thus PC is known. 
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24 APPLICATIONS OF TRIGONOMETRY. 

41. Strictly speaking, in the preceding Article, BC is 
not a straight line measured on the ground, but a straight 
line parallel to the ground at a distance from it equal to 
the height of the observer's eye at B. Thus PC is the 
height of the object above tha level of the observer's eye ; 
to obtain the height of P measured from the ground we 
must add to the value of PC the height of the observer's 
eye at B above the ground. This remark will be applicable 
to some other Articles in the book ; we shall not repeat it, 
nor need the student supply the correction thus noticed 
unless it should be definitely required in an example. 

42. To find the height and distance of an inaccessible 
object on a horizontal plane. 




Let P be the top of an object, and let it be required 
to find the height PC, and the distance of the object 
from a given point A in the horizontal plane through C. 
At A observe the angle PAC, then measure any length 
AB directly towards the object, and at B observe the 
angle PBC Then in the triangle APB the side AB is 
known, and the angle PAB, and also the angle APB ; for 
the angle APB is the difference of the angles PBC and 
P.4C, by Euclid i. 32. 

Now, by Art 37, 

BP^ smPAB 
AB sin APB ; 

therefore Bp= ABsinPAB t 

sin APB ' 
thus BP is known. 

Then ^=smPBC; 
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therefore PC= BP sin PBG 

A B sin PAR sin PBC 
nnAPB : 

thus PC is known. 

43. If however it is not convenient to measure the 
length AB directly towards the object we may proceed 
thus : measure the length AB in any direction from A ; 
at A observe the angle PAB 9 and at B observe the angle 
PBA, and the angle PBC. 




Then in the triangle ABP the side AB is known, and 
the angles PAB and PBA ; and thus the angle APB is 
known by Euclid I. 32. 



Now 


BP sin PAB 
AB" sin APB 9 


therefore 


p ABsinPAB 
MMf ~ am APB • 


thus BP is known. 




Then 


£?=smPBC; 


therefore 


PC=BPsmPBC 




AB sin PAB sin PBC 



sin APB 
thus PCia known. 
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44. A n object of known height is situated above a hori- 
zontal plane; and the angle subtended by the object at a 
given point in the plane is observed: it is required to 
determine the elevation of the object above the plane. 




Let AB bo the object of known height ; BC the 
required elevation above the horizontal plane. Suppose 
a segment of a circle described on AB, containing an 
angle equal to the given angle subtended by AB : let this 
circle cut the horizontal plane at D and E. 

Let O be the centre of the circle; draw OM perpen- 
dicular to AB, and ON perpendicular to DE. 

The angle AOM is half of the angle AOB; hence by 
Euclid ni. 20 the angle AOM is equal to the angle AEB t 
and is therefore known. 



And 



-^^ = tan AOM; 

MO ' 



therefore MO=AM cot AOM; 

and as AM is half of AB we thus determine MO. And 
CN=MO. 

Now~ one of the two distances CD and CE is supposed 
to be given, namely, the former or the latter according as 
the given distance is less or greater than MO ; and we can 
determine the other, since CN is known, and N is the 
middle point of DE. 

Digitized by LrOOQ IC • 



APPLICATIONS OF TRIGONOMETRY. 27 

Then by Euclid in. 36, Corollary, 

CD.CE=CA.CB=(CM+MA)(CM-MA) 
= CM 2 -MA 2 ; 
therefore G3P= OD . CE+MA*. 

This determines CM, and then CB will be known. 

45. It may be remarked that by the aid of measure- 
ment of lengths and of calculation we may sometimes avoid 
the necessity of observing an angle. 




Suppose we wish to know the angle PAQ subtended at 
the pemt A by straight lines drawn from the points P 
and Q. 

Take any point B in AP; and take C on AQ such 
that AG—AB; and measure BO. Then a perpendicular 
from A on BG would bisect both the straight line -5(7 and 
the angle BAGx 

therefore sin £2Li (7= ^j-g-. 

Since the right-hand side of this equation is known, we 
can find the angle \BAG by the aid of a Table of Sines ; 
see Art. 29. Thus the angle BACS& determined. 

46. "We will give one example of the use of Trigono- 
metry in Mensuration. We suppose the student to know 
that the area of a rectangle is measured by the product of 
the numbers which represent the lengths of two adjacent 
sides ; see the Notes on the Second Book of Euclid. The 
area of a triangle is therefore represented by half the pro- 
duct of its base and altitude, by Euclid i. 41. We shall 
now be able to demonstrate the proposition of the following 
Article. 
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47. The area of a triangle is equal to half the product 
of two tides into the sine of the included angle. 




Let ABC be any triangle, CD the perpendicular from C 
on the base AB. 

Then the a.rea.= lAB .CD; 

and -jYy=siuBAC; 

therefore CD=ACsmBAC: 

thus the area = \ AB . A C. sin BA C. 

48. To express the area of a triangle when one side 
and the angles are known. 

With the figure of the preceding Article we have, as in 
Art 39, 

4r AB Bin ABC 
°~ smACB ' 

therefore the area of the triangle 

= AB*. sin ABC, sin BAG 
2sin-4C5 

49. The area of a parallelogram is double that of a 
triangle having the same base and altitude: hence by 
Art. 47 the area of a parallelogram is equal to the product 
of two adjacent sides into the sine of the included angle. 
^Similarly we may apply Art 48 to find the area of a 

^Hologram. 

K 
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Examples. IV. 

1. Given tan -4 = 1 05, find the other Trigonometrical 
Ratios. 

2. Given sin ^--JgggL^, find the other Trigo- 
nometrical Ratios. 

3. Given tan A=f——*—, find the other Trigonome- 

pn-qm' ° 

trical Ratios. 

4. Find A from sin A + cos A= a/s* 

5. Find A and B from 

tan^tan£=l, tanM+tan 2 ^-*? 

o 

6. Find A and 2? from 

tan^t+tan5=4, tan , -4+tan 2 5=14. 

7. Find .4 and B from 

sin ^4+ sin 2?= v «» sin .4 sin 2?=-. 

8. Shew that the tangents of 60°, 45°, and 16° are in 
Arithmetical Progression. 

9. At a distance of 100 feet from the foot of a tower 
the tower subtends an angle of 30°; find the height of the 
tower. 

10. A base AB of 100 yards is measured close to the 
bank of a river, and a tree C on the other bank is observed 
from A and B\ the angle CAB is found to be 60° and the 
angle CBA is found to be 45°: determine the breadth of 
the river. 
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11. A person standing on the bank of a river observes 
the angle subtended by a tree on the opposite bank to be 
75°, and when he retires 20 feet from the river's edge he 
finds the angle to be 60°: determine the height of the 
tree and the breadth of the river. 

12. Find the area of an equilateral triangle, each side 
being equal to a. 

13. Find the area of an isosceles triangle, each of the 
equal sides being equal to a, and the inclu&d angle 30*. 

14. A man 6 feet high standing at the top of a mast 
subtends an angle whose tangent is A at a point on the 
deck 33 feet from the foot of the mast : find the height of the 
mast. 

15. The upper half of a post, seen from a point on a 
level with the root of the post subtends an angle whose 
tangent is J: find the tangent of the angle subtended by 
the whole post 

16. A staff at the top of a tower is observed to subtend 
an angle of 15° by an observer at a distance of a feet from 
the foot of the tower, and also to subtend the same angle 
when the observer is at a distance of b feet: find the height 
of the stafL 

17. A column standing on a pedestal 25 feet 6 inches 
high subtends an angle of 45° at the eye of an observer who 
stands on the horizontal plane from which the pedestal 
springs. When the observer approaches 20 feet nearer to 
the column it again subtends an angle of 45° at his eye. 
Find the height of the column supposing the height of the 
observer's eye above the plane to be 5 feet 6 inches. 

18. A person wishing to know the height of a wall, the 
foot of which was inaccessible, fixed an upright staff 6 feet 
high, (the height of his eye) at the place where the angular 
altitude above the level of his eye was 45°. Having then 
walked backwards till the angle between the top of the 
wall and the top of the staff was 18° 26', of which the 
tangent is £, he found by actual measurement that his 
distance from the staff was 70 feet Determine the height 
of the wall 
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V. Logarithms. 

50. The numerical calculations which occur in the solu- 
tion of triangles are abbreviated by the aid of logarithms; 
and thus it is necessary to explain the nature and the 
properties of logarithms. 

51. Suppose that a?=n, then x is called the logarithm 
of n to the base a: thus the logarithm of a number to a 
given base is the index of the power to which the base 
must be raised to be equal to the number. 

The logarithm of n to the base a is written log.n : thus 
if a* — n, then x= log. n. 

52. For example 4 8 =64, so that 3 is the logarithm of 
64 to the base 4; or log 4 64=3. 

Again, required the logarithm of 27 to the base 9. Let 
x denote the required logarithm, so that 9* =27 : thus 
(3*)*=3*, that is 3**=3 8 ; therefore 2#=3, that is x=\\. 

In the next three Articles we shall give the properties 
on which the utility of logarithms chiefly depends. 

53. The logarithm of a product is equal to the sum of 
the logarithms of its factors. 

For let x=\og m m, and y= log.n; 

therefore m=a" f and n=a'; 

therefore mn = a* + * ; 

therefore log. mn =x+y= log. m + log. n. 

54. The logarithm of a quotient is equal to the loga- 
rithm of the dividend diminished by the logarithm of the 
divisor. 

For let x = log. w, and y - log.n ; 

therefore m=a*, and n=a'; 
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therefore — = — = a*-» ; 

therefore log.— =x-y=\og a m— log.w. 

55. The logarithm of any power, integral or frac- 
tional, of a number is equal to the product of the logarithm 
of the number by the index of the power. 

For let m = a* ; therefore m r = (a*) r = a", 

therefore log a (m r ) —xr=r log. m. 

56. To find the relation between the logarithms of the 
same number to different bases. 



Let 


x=\og m m 9 and y=log b m; 


therefore 


m=a* and^^; 


therefore 


a x =b"; 


therefore 


a'=b 9 and &*=a; 


therefore 


^=log.&, and|=log»a. 



Hence y=x\og b a, and=. — r. 

Hence the logarithm of a number to the base b may 
be found by multiplying the logarithm of the number to 

the base a by log* a or by = — r . 

Since log* a = ; — ; we have 
log.0 

log*axlog.&=l. 

57. There are two systems of logarithms which are 
used in Mathematics. 

In one system the base is a certain number which 
cannot be expressed exactly; as far as nine places of deci- 
mals the number is 2*718281828. 

V 
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This number is usually denoted by the letter e; and 
logarithms to this base are called Napierian logarithms, 
from Napier the inventor of logarithms. This system of 
logarithms, although very important in theory, is not used 
in practical calculations; and we shall not require to 
consider it in the present work. 

In the other system the base is 10; this system is used 
in practical calculations, and is called the common system. 

58. "We shall not in the present work explain how a 
table of logarithms is calculated; for this the student may 
refer to the larger treatise. We may remark that in very 
few cases can a logarithm be assigned exactly, but as close 
an approximate value as we please can be found; for ex- 
ample, a table may be constructed which shall give loga- 
rithms to seven places of decimals. 

We shall shew in the next three Articles what are the 
chief advantages of the common system of logarithms. 

59. In the common system of logarithms if the loga- 
rithm of any number be known, we can immediately deter- 
mine the logarithm of the product or quotient of that 
number by any power of 10. 

For log 10 iVx 10"=log 10 2V+log 10 10"=log 10 iV+w; 

N 
log*, j^=l°g 10 iV-logio 10"=log 10 2V-n. 

That is, if we know the logarithm of any number we can 
determine the logarithm of any number which has the 
same figures, but differs merely by the position of the 
decimal point. 

In future we shall for brevity use log for log 10i that is 
we shall omit to specify the base 10. 

60. We know from Arithmetic that 

10°= 1, 10 x =10, 10 2 =100, 103= 1000,... 
Now from this we infer that if a number lies between 1 
and 10, its logarithm lies between and 1 ; if a number lies 
between 10 and 100, its logarithm lies between 1 and 2; if 
a number lies between 100 and 1000 its logarithm lies 
between 2 and 3 : and so on. 

3 
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The integral part of a logarithm is called the character- 
istic, and the decimal part is called the mantissa; thus as 
the logarithm of any number between 100 and 1000 is 
greater than 2 and less than 3, it is equal to 2+ some 
decimal : thus in this case 2 is the characteristic. 

We shall now give an important proposition respecting 
the characteristic. 

61. In the common system of logarithms the character- 
istic of the logarithm of any number can be determined 
by inspection. 

For suppose the number to be greater than unity, and 
to lie between 10" and 10 n+1 ; then the logarithm is greater 
than n and less than n + 1, so that the characteristic of the 
logarithm is n. Next suppose the number to be less than 

unity, and to lie between y— and x , that is between 

10"" w and 10"""" 1 ; then the logarithm will be some negative 
quantity between — n and —(n + 1); hence if we agree that 
the mantissa shall always be positive, the characteristic 
of the logarithm will be — (n + 1). 

Hence we have the following rule : the characteristic of 
the logarithm of a number is one less than the number of 
integral figures of the number; when the number has no 
integral figures the characteristic of the logarithm is 
negative and is one more than the number of cvphers 
immediately to the right of the decimal place m the 
number. 

62. By reason of the properties explained in the three 
preceding Articles it is unnecessary in a table of common 
logarithms to print either the characteristics of the 
logarithms or the decimal points of the numbers. 

For example, we find in a table the following figures : 

Number. Logarithm. 

15627 1938756 

This means that '1938756 is the mantissa; for the number 
15627 the corresponding characteristic is 4, and therefore 

log 15627 = 41938756. 
Similarlylogl56*27=_2-1938756,andlog0015627=3-1938756: 
in the last example 3 is equivalent to —3, so that we ex- 
press in the manner indicated the fact that 
log '0015627= -3 + -1938756. 
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63. It is necessary to notice one point in practical 
operations with negative characteristics. 

Suppose we require the logarithm of the cube root of 
•0015627. By Art. 55 the logarithm is J of 31938756. The 
division here can be immediately effected ; for I of- 3 is - 1 • 
and i of -1938756 is 0646252 : thus the required logarithm 
is f '0646252. 

But suppose we require the logarithm of the square 
root of -0015627. By Art. 55 the logarithm is £ of 3-1938756. 
It is convenient now to put 31938756 in the form 
-4 + 11938756 ; then dividing by 2we obtain-2 + -5969378 
so that the required logarithm is 2*5969378. 

Similarly if we require the logarithm of the sixth root 
of -0015627 we put 3*1938756 in the form -6 + 3'1938756 • 
then dividing by 6 we obtain -1 + -5323126, so that the 
required logarithm is 1*5323126. 

64. The Mowing example will illustrate the present 
Chapter. * 

Given log 3 = -4771213 find the log oft 2 ' 7 ) 8 ^' 81 )* 

(90)* 
Let N denote the given expression; then 

log iV=log (2*7) 8 +log (-81)*-log(90)* 
= 3 log 2*7 + |log -81-|log90. 
Now log 2*7 =log ^= log ^ = 3 log 3-1, 

log-81=log^=log^ 2 =4log3-2, 
Iog90=log3 2 x 10 = 2 log 3 + 1 ; 
hence log iV = 

3(3log3-l) + ^(4log3-2)-?(2log3 + l) 



-H-?)_*-»-s-s 
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=^log3-^=2*7780766 nearly, 
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Examples. V. 

Find the logarithms of the following six numbers to the 
assigned bases : 

I. 256 to the base 2. 2. 32 to the base 4. 
3. 243 to the base 9. 4. 16 to the base 8. 
5. 64 to the base 16. 6. 128 to the base 32. 

Given log 2 ='3010300, log 3 ='4771213, find the loga- 
rithms of the following twelve numbers : 

7. 18. 8. 60. 9. 216. 10. 6480. 

II. 5400. 12. |. 13. 432. 14. '72. 

15. '375. 16. '03. 17. 6"*- 18. (5J)-t- 

Given log 3 ='4771213, log 7 - '8450980, find the loga- 
rithms of the following three numbers: 

19. 63. 20. 1. 21. jL. 

Given log 8 ='9030900, log 9 = '9542425, find the loga- 
rithms of the following three numbers : 

22. 1J. 23. JH. 24. ,yi£. 

25. Given log 8 ='9030900, log 27= 1*4313638, findlog2j. 

26. Write down the characteristics of the logarithms 
of 3*4512, 345'12, _"034512, and '000034512: also having 
given log -34512=1-5379701, find the logarithm of the pro- 
duct of the above four numbers. 

27 The decimal part of the log of 36541 is '5627804, 
find the log of , */(-000036541). 

28. Find the log of '0625 to the base 8. 

29. Given log 1'4= '1461280, log 1'5 = '1760913, find 
log '000315. 

30. Given log 2 find the log of 50 to the base 25. 

31. Given log % find the log of 1000 to the base 25. 

32. Given log 2 and log 3 find x from (1'08)'= 1000. 
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VI. Use of Tables. 

65. Many collections of Mathematical Tables have 
been published, differing in extent and in the number of 
decimal places to which they are carried ; and thus practical 
calculators are enabled to provide themselves with such 
Tables as are most convenient for the special work on which 
theymay be engaged A collection of Tables published 
by W. and R. Chambers may suffice for ordinary purposes. 
A cheap and very extensive collection of Tables has been 
edited m Germany by Schron, and this work has been 
introduced into England with a Preface by Professor De 
Morgan. 

66. Collections of Tables usually contain explanations 
of the mode in which they are arranged, together with 
instructions for using them. We shall accordingly only 
give here some examples which will suffice to guide the 
student who may wish to use any Tables for occasional 
calculation. We shall not give investigations of the accuracy 
of the methods which we exemplify ; for such investigations 
the student is referred to the larger treatise. 

67. One general consideration which applies to the use 
of Mathematical Tables is this : we rarely find what we 
require immediately in the Tables, but we find two entries 
between which what we require must lie, and from which 
it must be determined. Accordingly we have to exemplify 
the method of proceeding in such cases. 

68. To find the logarithm of a given number. 

If the given number is contained in the Table we take 
the decimal part of the logarithm from the Table, and 
prefix the characteristic ; see Art. 61. 

Suppose however that the number is not contained 
exactly in the Table. The Table, for example, may give 
the logarithms of all numbers from 1 to 100000, and we 
may require the logarithm of 5632147. 

Here we take from the table 

Number. Logarithm. 

66321 7506704 
56322 7506781. 
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Hence, by Art 61, 

log 5632100 = 6-7506704, 

log 5632200 = 67506781. 
The difference of the two numbers is 100, and the difference 
of the two logarithms is '0000077. Let x denote the 
quantity to be added to the logarithm of 5632100, in order 
to produce the logarithm of 5632147 ; then we assume that 

100 : 47 :: '0000077 : x ; 

that is, we assume that for a small change in the number 

there is * proportional small change in the logarithm. 

47 
Hence we obtain #=—x 0000077, that is "000003619, 

10U 

or to seven places of decimals '0000036. 
And '7506704+ 0000036 = '7506740. 

Therefore log 5632147 = 6*7506740. 

Then, by Art. 61, we can immediately express the 
logarithm of any other number which is formed from 
5632147 by supplying a decimal point ; for example 
log 5632147 =47506740. 

69. To find the number corresponding to a given 
logarithm. 

If the decimal part of the given logarithm is contained 
in the Table we take the corresponding number, and put a 
decimal point in the number in the place indicated by the 
given characteristic. 

Suppose however that the decimal part of the logarithm 
is not contained exactly in the Table ; we shall then have to 
perform a process like that exemplified in the preceding 
Article. For example, suppose the given logarithm to be 
27506740. 

As before we have 

log 5632100 = 67506704, 
log 5632200=67506781. 

Let x denote the quantity to be added to 5632100 to 
produce the number which has 67506740 for its logarithm. 
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Since 6*7506781 - 6*7506704 = '0000077, 

and 6-7506740 - 6*7506704 = "0000036, 

we form the proportion 

•0000077 : '0000036 :: 100 : x. 
Hence x =——=47 approximately, 

therefore log 5632147 = 67506740, 

and therefore log 5632147 = 2*7506740. 
Thus the required number is 563*2147. 

70. In using Trigonometrical Tables processes have to 
be performed like those exemplified in the two preceding 
Articles for Tables of Logarithms. For example, we may 
have a Table of the sines of those angles which are ex- 
pressible exactly in degrees and minutes, and we may 
require the sine of sueh an angle as 20° 14' 20" : in this case 
we must proceed as in Art 68. 

We take from the Table 

sin 20° 14' ='3458441, 
sin20°15'=-346H71. 

Let x denote the quantity to be added to '3458441 to 
produce the sine of 20° 14' 20". 

Since 3461171 - -3458441 ='0002730, 

we form the proportion 

60" : 20" :: '0002730 : x. 

20 
Hence x= — x -0002730 = 0000910 ; 
oU 

therefore sin 20° 14' 20" - 3458441 + 0000910 = '3459351 

71. Tables such as those referred to in the preceding 
Article are called Tables of Natural sines, cosines, tan- 
gents,... to distinguish them from other Tables which are 
called Tables of Logarithmic sines, cosines, tangents,... 
We shall now consider the latter kind of Tables. 
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72. The Trigonometrical Ratios of an angle are nu- 
merical quantities, and it is found very convenient to have 
Tables which give the logarithms of these numerical 
quantities, so that we may be saved the trouble of calcu- 
lating them by the aid of the Table of Logarithms. For ab- 
breviation log sin A is used to denote the logarithm of the 
sine of A ; and in a similar manner log cos A, log tan A,... 
are used. 

73. Since the sine of an angle is never greater than 
unity the logarithm of a sine will never be a positive 
quantity; the same remark applies to the cosine. In order 
to avoid the occurrence of negative quantities in the Tables 
it is found convenient to adfl 10 to the logarithm of every 
Trigonometrical Ratio before registering it in the Tables; 
the logarithm so increased is called the Tabular logarithm, 
and is usually denoted by the letter Z. Thus 

L sin A = log sin A + 10, 

L tan A =log tan^l + 10, 
and so on. Of course in calculation we shall have to re- 
member and allow for this addition to the real logarithms 
of the Trigonometrical Ratios. 

74. There is one point to which special attention must 
le paid in using both the Tables of the natural Trigono- 
metrical Ratios and the Tables of the logarithmic Trigono- 
metrical Ratios, namely, that as the angle increases the 
sine, tangent, and secant increase, but the cosine, cotangent 
and cosecant decrease ; the bearing of this remark will be 
illustrated in the next Article. 

75. We will now give some examples of the use of the 
Tables of the logarithmic Trigonometrical Ratios. 

Given L sin 20° 14' = 9*5388804, 

Zsin 20° 15' =9*5392230; 
required L sin 20° 14' 20". 

The difference of thegiven Tabular logarithmsis '0003426, 
which corresponds to the difference 60" in the angles ; so 
. we form the proportion 

60 : 20 :: '0003426 : x. 
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Hence x - ^ x -0003426 = '0001 142 ; 

therefore L sin 20° 14' 20" = 95388804 + '0001 142 
= 9*5389946. 

The same data will furnish an example of the calcula- 
tion of a logarithmic cosine. 

Given L cos 69* 45' = 9*5392230, 

L cos 69° 46'= 9*5388804; 

required L cos 69° 45' 40". 

Here the proportion is 

60 : 40 :: '0Q03426 : x. 

Hence x = ~ x '0003426 = "0002284 ; 

therefore L cos 69* 45' 40"= 9*5392230 - '0002284 

= 9-5389946. 

Here x is subtracted from L cos 69° 45' because as the 
angle increases, the cosine decreases, and so also does the 
L cosine. 

The two preceding examples resemble that in Art. 68 ; 
we will now take one resembling that in Art. 69. 

Given L sin 20° 14'= 9-5388804, 

L sin 20° 15'= 9*5392230; 
find the angle which has for its L sine 9*5389946. 

Let x denote the required number of seconds. 
Since 9*5392230 - 9*5388804 = '0003426, 

and 9*5389946 - 9*5388804 = *0001 142, 

we form the proportion 

0003426 : '0001142 :: 60 : x. 

„ tfA -0001142 rtA 

HenC ° ^ =60X *0003426 = 2 °- 

Hence the required angle is 20° 14' 20". 
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Examples. VI. 

1. Given log 34586 = 45389003, log 34587 = 4*5389129, 
find log 345-8637. 

2. Given log 41501 =4*6180586, log 41502 =4*6180690, 
find log 4150145. 

3. Given log 73510 = '8663464, log 73511 =8663523, 
find log 7351092. 

4. Given log 1752 = 32435341, log 17521 =32435589, 
find log 17*52087. 

5. Given log 61025 = '7855078, log 6' 1026 = '7855149, 
find log 610257. 

6. Given log 61875 = 4'7915152, log 61876=4*7915222, 
find log 6187539. 

7. Given log 61601 = 47895878, log 61602 = 4*7895948, 
find the number corresponding to the logarithm 278959 12. 

8. Given log 7*5014 ='8751423, log 7*5015 = -8751481, 
find the number corresponding to the logarithm 3*8751462. 

9. Given log 1*3107 =1175033, log 131-08 = 2* 11 75364, 
log 5 = '6989700, find the seventeenth root of 131072. 

10. Find (1 05) 20 having given 

log 2= -3010300, log 2*653 = '4237372, 

log 3 = '4771213, log 2*654 = '4239009, 

log 7 = '8450980. 

11. Find L sin 38° 24' 27", having given 

Zsin38 24 / = 9'7931949, 
L sin 38° 25'= 9*7933543. 

12. Find L sin 32° 28' 36", having given 

L sin 32° 28'= 9*7298197 
L sin 32° 29'= 9*7300182. 

13. Find L sin 41° 50' 34"*5, having given 

L sin 41° 50' 30" = 9*8241743, 
L sin 41° 50' 40" = 9*8241978. 
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14. Find X cos 17° 31' 25"*2, having given 

X cos 17° 31'= 9*9793796, 
X cos 17° 32'= 99793398. 

15. Find X tan 21° 17' 12", having given 

X tan 21° ir = 9*5905617, 
X tan 21° 18'= 9'5909351. 

16. Find X tan 27° 26' 42", having given 

Xtan27°26 / =9-7152419, 
X tan 27° 27' =97155508. 

17. Find X tan 55° 37' 53", having given 

X tan 55° 37'= 10*1647616, 
diff. for 1'= -0002711. 

18. Find X cosec 33° 10' 20", having given 

X sin 33° 10' =9*7380479, 
X sin 33° 11'= 97382412. 

19. Given X sin 16° =94403381, diff. for l'=*0004403, 

X cos 16° = 9*9828416, diff. for 1'= '0000362, 
find L sec 16° 0' 27" and X tan 16° 0' 27". 

20. Find -4, having given 

Xsin-4 =9-4488105, 
X sin 16° 19'= 94486227, 
X sin 16° 20'= 94490540. 

21. Find -4, having given 

Xsin^l =9*0787743, 

X sin 6° 53' =90786310, 
X sin 6° 53' 10" = 9*0788054. 

22. Find -4, having given 

XcosJf =99657056, 

X cos 22° 28' 20' = 9*9657025, 
X cos22°28' 10"=9*9657112. 

23. Find -4, having given 

Xcos-4 =92000000, 

X cos 80° 53' =91998793, 
X cos 80° 52' 50" = 92000105. 

24. If log x = £/ 10 find x, having given 
log21544=4'3333263, log 14270 = 4*1544240, 
log 21545 =43333465, log 14271 = 4' 1544544. 
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VII. Solution of Right- Angled Triangles. 

76. In every triangle there are six elements, namely 
the three sides and the three angles. When we have a 
sufficient number of these elements given we can calculate 
the remaining elements; this process is called the solution 
of triangles. It will appear as we proceed that when three 
of the elements are given we can calculate the remaining 
three, except when the three angles are given, and then we 
cannot determine the three sides but only the ratio they 
bear to each other. 

We have already in Chapter iv. given some examples 
of the solution of triangles, and in the course of the present 
Chapter and a future Chapter we shall examine every case 
which can occur. It is usual to consider separately the 
case of right-angled triangles as the investigations are 
more simple for these than for other triangles ; accordingly 
we shall confine ourselves in the present Chapter to right- 
angled triangles. 

77. We shall use the notation given in Art 37 for the 
sides of a triangle ; and we shall always suppose that C is 
the right angle in a right-angled triangle. We use log as 
an abbreviation for logarithm, and we use L in the sense 
explained in Art, 73. 

78. To solve a right-angled triangle having given the 
hypotenuse and an acute angle. 




B - C 

Suppose the hypotenuse and the angle A given ; then 

B=90°-A; 

a 

- = sin A, therefore a = c sin A* 

c ' 9 

'ore loga=log c+log sin A=logc+L sin-4 — 10; 
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- = sin B, therefore b = c sin 2?, 
c ' 

therefore log&=log c+log sin l?=logc+Zsin B- 10. 

Thus B, a, and b are determined. 

79. To solve a right-angled triangle having given the 
hypotenuse and a side. 

Suppose c and a given; then 

sin A = -, log sin A =log a -log c, 
c 

therefore L sin A = 10 + log a- log <? 

this determines A ; then Z?= 90° -A. 

And ^aHJ 2 , therefore b*=c*-a*=(c-a)(c+a), 

therefore 6 = */(c — a) (c + a), 

log&=£log(c-a)+£log(c+a). 
Or we may find b from the formula 
&=ccos-4. 

80. To solve a right-angled triangle having given 
a side and an acute angle. 

Suppose a and A given ; then 

^=90°-^; 

-=sin A. therefore c= - — - A , 
c ' sm A 

therefore logc=log a— log sin A =log a— Zsin-4 + 10 ; 

f=tan-4, therefore b= z r, 

b tan -4' 

therefore log 6 = log «- log tan -4 = log a -Z tan -4 + 10. 

Thus B,c,bsre determined. 

Suppose a and B are given; then A =90°— B, and we 
may find c and & as before. 
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81. To solve a right-angled triangle having given tJie 
two sides. 

Here a and b are given ; then 

tan A=-r, therefore log tan -4= log a— log 5, 

therefore L tan A = 10 + log a - log b ; 
J3=90°-^l; 

- = sin A. therefore c = - — . ; 
c smA 

therefore log c = log a - log sin A = log a - L sin A + 1 0. 

Or we may find c from the formula c= N /(a*+& 2 ), but this 
is not adapted to logarithmic computation. 

82. It will thus be seen that in each of the four cases 
discussed in Arts. 78 to 81 we suppose that we know two 
elements of a right-angled triangle, besides the right angle, 
and we shew how the other elements are to be determined. 
And it will be found on examination that we have discussed 
every case in which two elements are given besides the 
right angle, except the case in which the two angles are 
given. In this case we can determine the ratio of each 
side to the hypotenuse; for we have 

a . . b . n 

c ' c 

but we cannot absolutely determine a, b, and c. We may 
observe that since A + 2? =90° it is superfluous to give the 
values of both A and J5, for if one is given the other can be 
immediately found. 

83. We will now take some examples of the solution of 
right-angled triangles. 

Ex. (1). Suppose we have given c = 125, A = 54° 28'. 
a=cBiuA. 
Using a table of natural sines we find 

sin 54° 28' =-8137775; 
therefore a= 1017221875. 
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Or, using logarithms, 

log 125 = 20969100 

L sin 54° 28' = 99105057 

120074157 

therefore log a= 2-0074157. 

Now on consulting the tables of logarithms we find 
log 101-73 = 20074490, 
log 101-72 = 2-0074064; 
and as log a lies between the logarithms here given we 
conclude that a lies between 101*72 and 101*73. 

In order to determine a more closely we must employ 
the Principle of proportional parts which is explained in 
Chapter vx We will give the process for the present case. 

2-0074490 2-0074157 

20074064 20074064 



Diff. '0000426 Diff. '0000093 

Let x denote the excess of a above 101'72 ; then 
•0000426 : '0000093 :: 01 ; x. 
Hence we find x= -00218 nearly. 
Thus a= 101-72+ 00218 = 101*72218. 

Our two modes of calculation give values for a which differ 
very slightly. 

.s=90 --4=35 32', 

b=c sin J?. 

Using a table of natural sines we find 
sin 35° 32'= -5811765, 

b = 72-6470625. 
Or, using logarithms, 

log 125 = 20969100 

L sin 35° 32' = 9-7643080 

11-8612180 

Therefore log 5= 1'8612180. 
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Now on consulting the tables of logarithms we find 

log 72-648 = 1*8612237, 

log 72-647=1-8612177. 
Hence b is very nearly equal to 72*647. 

Ex. (2). Suppose we have given a= 147, c= 184. 
L sin A = 10 +loga— log c. 
log 147 = 21673173, 
log 184 = 2-2648178, 
therefore L sin A = 99024995. 

Now on consulting the tables we find 
L sin 53° 2' =9*9025389, 
Zsin53°l'=9*9024438; 

and we conclude that A lies between 53° 1' and 53° 2'. 
Let x denote the number of seconds in the excess of A 
above 53° 1'. Proceed as before, 

9*9025389 9*9024995 

9-9024438 9*9024438 

Din; '0000951 Diff. '0000557. 
•0000951 : -0000557 :: 60 : x. 
Thus x- 35 nearly, 
and A = 53° 1' 35" nearly, 
J? = 90°-^ =36° 58' 25". 

If we had only a table of natural sines we should proceed 
thus: 

sin A =-=—- = 7989130 nearly. 

C lo4 

On consulting the tables we find 

sin 53° 2'= '7989855, 

sin 53° 1'= '7988105; 

and we conclude that A lies between 53° 1' and 53° 2'. 
Then we may proceed as before to determine A more 
closely; and we shall obtain A =53° 1' 35" nearly. 
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And 5 , =c J -a 2 =(c-a)(c+a)=37x331, 

log 37 = 1-5682017 

log 331=2*5198280 

21 4-0880297 

log 6=20440148 

Now on consulting the tables of logarithms we find 
log 110-67=20440299, 
log 110-66 = 2-0439907; 
and hence b lies between 110*66 and 110*67. 

Let x denote the excess of b above 110*66. Proceed as 
before; 

20440299 20440148 

20439907 20439907 

Diff -0000392 Diff '0000241 
•0000392 ; '0000241 :: *01 : x. 

Thus x = '00615 nearly ; 

and b = 110*66615 nearly. 

We might also obtain b by extracting the square root of 
37 * 331 ; without using logarithms. 

Ex. (3). Suppose we have given a=237*6, A =34° 18'. 
log c=log a-L sin A + 10, 

log 2376 = 23758464 

L sin 34° 18' = 97509140 

log c= 2*6249324 

Now on consulting the tables of logarithms we find 
log 421-64= 2*6249418, 
log 421-63=2-6249315; 
and hence c lies between 421*63 and 421*64. 

4 
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Let x denote the excess of c above 421*63. Proceed as 
before; 

2*6249418 2*6249324 

26249315 2*6249315 

Dift '0000103 Diff. '0000009 

•0000103 : '0000009 :: *01 : x. 

Thus x = *0009 nearly ; 

and c = 421*6309 nearly. 

log 6=log a-L tan A + 10, 

log 237*6 = 2*3758464 

L tan 34° 18'= 9*8338823 

log &= 2*5419641 

Now on consulting the tables of logarithms we find 
log 348*31 =25419659, 
log 348*30 = 2-5419535; 
and hence b lies between 348*30 and 348*31. 

Let x denote the excess of b above 348*30. Proceed as 
before, 

2*5419659 2*5419641 

2*5419535 2*5419535 

•0000124 '0000106 

•0000124 : -0000106 :: '01 : x. 

Thus x = '00855 nearly ; 

and b = 348*30855 nearly. 

84 The process of applying the principle of propor- 
tional parts is in practice much simplified by the aid of the 
Tables ; we find in fact that the chief part of the calculation 
is performed for us. This will be obvious to the student 
on examining* the Tables and the explanations which usually 
accompany them. 
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Examples. VII. 

Solve the following eight triangles from the given 
quantities : ° 

1. c = 150, -4=30°, 0= 90°. 

2. c=200, o=100, (7=90°. 

3. o=80, J9=15°, (7=90°. 

4. .o=75, 5 = 75, £7=90°. 

5. c=120, J9=36°, £7=90°. 
sin 54° ='80901 70. 
#=90°. 

sin 43° 37' = '6898302. 
£7=90°. 

= 90°. 



sin 36° ='5877853, 

6. c=290, o=200, 
sin 43° 36' ='6896195, 

7. 0^125, £=22f, 

8. o=3, & = 4, 
log 2 ='3010300, 



sin 53° 7' =9*9030136, 
L sin 53° 8' = 9*9031084 

In solving the following four triangles the Tables will 
be required : 

9. c=196, A =23° 30', £7=90°. 

10. c=164, o = 96, £7=90°. 

11. = 124*6, A = 64° 20', £7=90°, 

12. o=141, 5 = 193, £7=90°. 



4—2 
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V1IL Solution of oblique-angled triangles by the aid of 
right-angled triangles. 

85. In the preceding Chapters we have restricted our- 
selves to the Trigonometrical Ratios of angles not greater 
than a right angle ; and we have in effect given a short 
coarse of Trigonometry as far as the solution of right-angled 
triangles inclusive. It is however obvious that we may 
have triangles with obtuse angles, and this leads us to 
extend our definitions of the Trigonometrical Ratios so as 
to include angles greater than a right angle. Accordingly 
we shall devote the next Chapter to this subject; and 
then we shall proceed in the following Chapters to explain 
certain properties of triangles and the general solution of 
triangles* 

But it may be convenient for some students to be able 
to solve any triangle without entering on the consideration 
of the Trigonometrical Ratios of angles greater than a 
right angle; and the present Chapter will supply the 
necessary rules and explanations. Those who adopt the 
methods of solution to be given in Chapter xi. may look 
on the present Chapter as an application and illustration of 
the elementary formulae of the subject. 



86. 
aside. 



To solve a triangle having given two angles and 





Suppose e the given side ; since two angles are given all 
the angles are known. Draw AD perpendicular to BC or 
to BC produced. 
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In the right-angled triangle ABD we know the hypo- 
tenuse AB, and the angle ABD; hence we can find AD 
and BD, by Art 78. 

Then in the right-angled triangle ADC we know AD 
and the angle ACD; hence we can find AC and CD, by 
Art. 80. 

And, knowing BD and CD, we find BC immediately. 

87. To solve a triangle having given two sides and 
the included angle. 

The solntion is given in Arts. 105 and 110, and as it 
requires no principles which have not been already ex- 
plained it may be read at this stage. 

88. To solve a triangle having given two sides and the 
angle opposite to one of them. 

Let a and b be the given sides, and A the given angle. 

I. Suppose a less than b. 




Then A is less than B, and so A must be an acute angle. 

Let AC denote the side b, and from C draw the perpen- 
dicular CD on the opposite side of the triangle, produced 
if necessary. 

In the right-angled triangle ACD we know A C and the 
angle A ; hence we can find CD, and the angle ACD, by 
Art. 78. 

Then in the right-angled triangle CBD we know CD 
and CB; hence we can find BD and the angle BCD, by 
Art. 79. 

And thus AB and the angle ACB may be found imme- 
diately. 
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It will be seen that there are two triangles ABC, one 
having the angle ABC obtuse, and one having the angle 
ABC acute. Hence this .is usually called the ambiguous 
case, because corresponding to the given elements two 
triangles may generally be found. 

We say that two triangles may generally be found ; 
there will not always be two triangles. For it may happen 
that CD is equal to the given quantity a ; and then the 
two points marked B in the figure will both coincide with 
D, and there will be only one triangle with the given 
elements, namely the right-angled triangle ACD. Again, 
it may happen that CD is greater than the given quantity 
a, and then there is no triangle with the given elements. 

II. Suppose a equal to b. 




In this case the triangle is isosceles : we have A==B. 

Then in the right-angled triangle ACD we know AC 
and the angle A; hence we can find AD. And AB is 
twice AD. 

III. Suppose a greater than b. 





AD B DAB 

Then as in I. we solve first the right-angled triangle A CD, 
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and next the right-angled triangle BCD. The given angle 
A may be acute or obtuse ; but there is only one triangle 
corresponding to the given elements. For if we were to 
take a point B' to the left of D, on BA produced, such 
that DB=DB, we should have CB'=CB=a, but the 
angle GAB' of the triangle GAB would not be equal to 
the given angle A : in the left-hand figure the angle A is 
acute while the angle GAB' would be obtuse, and in the 
right-hand figure the angle A is obtuse while the angle 
CAB would be acute. 



89. To solve a triangle having given the three sides. 

A 




Let a denote the side which is less than neither of the 
others, so that the angles B and C must be acute. Draw 
AD perpendicular to BC. 

Let BD=x; then DC=a-x. 

Now AD 9 =AB 2 -BD 2 =A(P-DC 2 ; 

thus c 2 -x 2 =b 2 -(a~x)*=b 2 -a 2 +2ax-x 2 , 

x , _ c*+a*-V 

therefore x= — r- — • 

2a 

Thus x is determined. 

Then in the right-angled triangle ABD we know AB 
and BD ; hence we can find the angle B. And in the 
right-angled triangle ACD we know AC and CD; hence 
wo can find the angle C. 
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Examples. VIII. 



Solve the following six triangles from the given quanti- 
ties: 

1. c=84, J9=45°, tf=30°. 

2. a = 96, £=48, (7=60°. 

3. o = l, 5=1 + ^3, -4 = 15°. 

4. a=,/2, &=2 (a/3-1), -4 = 75°. 

5. o«V3, & = 1, -4 = 120°. 

6. o=10, ft=5/s/3, c=5. 

In solving the following six triangles the Tables will be 
required: 

7. c = 124-5, A = 56?>W, -B=48°35\ 

8. a = & = 275-6, tf=72°40'. 

9. a =156, &=218, -4=36°. 

10. a =750, 5 = 625, -4 = 80°. 

11. a=360, & = 288, .4 = 125°. 

12. o = 125, 5 = 170, c = 200. 

13. In the ambiguous case when a, b, and A are given, 
shew that 

c=&cos.4«fa Jiat-VtsxtfA). 

14. If the perpendicular drawn from the vertex of a 
triangle on the base fall within the triangle, shew that 
the difference of the segments of the base is to the differ- 
ence of the sides as the sum of the sides is to the base. 

Shew how to solve a triangle having given the two sides 
and the difference of the segments into which the base is 
divided by the perpendicular from the vertex. 
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IX. Application of Algebraical Signs. 

90. In the preceding Chapters we have defined the 
Trigonometrical Ratios and established certain relations 
between them ; and wo have illustrated the use of the Tri- 
gonometrical Ratios. We have hitherto confined ourselves 
to angles not exceeding a right angle, but it is obvious 
that angles greater than a right angle may occur in mathe- 
matical investigations and in practice; and it becomes 
necessary to consider how the Trigonometrical Ratios 
apply to such angles. 

91. Let be a fixed point in a fixed straight line, 
and suppose we have to determine the positions of other 
points in this straight line with respect to 0. The position 

at o M 

of any point in the straight line will be known if we know 
the distance of the point from 0, and also know on which 
side of the point lies. Now it is found convenient 
to adopt the following convention; distances measured 
in one direction from O along the fixed straight line are 
denoted by positive numbers, and distances measured 
in the opposite direction from O along the fixed straight 
line are denoted by negative numbers. Thus, for exam- 
ple, suppose that distances measured from O towards the 
right hand are denoted by positive numbers, and let 
M be a point the distance of which from O is denoted 
by 2 or + 2; then if M' be as far from O as M is, and 
on the other side of 0, the distance of M from O is de- 
noted by -2. 

92. We have called this method of determining posi- 
tion by means of numbers affected with algebraical signs a 
convention; we mean by this word to indicate that it is 
not absolutely necessary to adopt this method, but merely 
convenient. The symbols + and — are defined in the 
beginning of elementary works on Algebra as indicative of 
the operations of addition and subtraction respectively. 
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As the student advances in Algebra he finds that the sym- 
bols + and — are also used as indicative of the qualities 
of. quantities. And it is seen that no contradiction or con- 
fusion ultimately arises from this double mode of consider- 
ing the symbols, but that Algebra gains thereby consider- 
ably in power. (See Algebra, Chaps, v. and xiv.) 



93. We shall now extend our definitions of the Trigo- 
nometrical Ratios so as to make them applicable to any 
angle not greater than two right angles. 





M 



Let AB, AC be two straight lines at right angles; let 
a straight line turn round the point A from AB towards 
AC, and come into any position A P : draw PM perpendi- 
cular to AB or to AB produced through A. Then con- 
sider AP as always positive; consider AM as positive or 
negative according as M is on the same side of AC as B is, 
or on the opposite side ; PM will in all cases be on the 
same side of AB as C is, and will be considered as posi- 
tive. Let the angle PAB be denoted by A : then the 
Trigonometrical Ratios of A are thus defined, 



sin A = 



PM 
AP' 



tan A = 



PM 
AM 9 



A _AP 
* eCA ~AM' 



cosA = 



AM 
AP' 



cot A 



AM 
PM' 



cosec A = 



AP 
PM' 



vers^ = l-cos-4, covers^ = 1 -sin A. 
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94. The excess of two right angles over any angle is 
called the supplement of that angle. Thus if A be the 
number of degrees in any angle, 180— A is the number of 
degrees in the supplement of the angle. 

95. To compare the Trigonometrical Ratios of any 
angle with those of the supplement. 



\*' 




Let PAB be any angle ; produce BA to 2F, and make 
P'AB'^PAB : take AP=AP and dra^P^f and P*M' 
perpendicular to BB'. 

The angle P* AB =180° - P A 5'= 180°- PAB; thus 
P'AB is the supplement of PAB. The triangles PAM 
and P*AM' are geometrically equal in all respects. Now, 
by definition, 

• A PM . , 1QA0 .. P'W 
sin -4 = 2p> sm(180°--4)=- 2 p 7 -5 

and since PM and P'At are equal in magnitude and both 
positive, we have 

sin A= sin (180°-^). 
Also, by definition, 

cosA=^ f cos (180*-^)=^. 

Now A M and AM ' are equal in magnitude, but since 
they are measured in opposite directions from A, they are 
of opposite signs : 

thus cos A = - cos (180° - A). 

The other Trigonometrical Ratios of the angle A may 
be compared with those of the supplement either by direct 

Digitized by VjOOQ IC 



60 APPLICATION OF 

use of the figure, or by employing the two results already 
established ; thus, adopting the latter method, 

j. /loAfl a\ sin (180°— A) sin A . A 

tan ( 180 '-^= co3(i 8 o'-^ r^o = - tan ^ 

v ' 8in(180°--4) sm^4 ' 

sec (180°-.4)= — -tz^tr — jx = 7= -sec A, 

K J cos (180°-^) -cos A 

cosec (180° - A) = , 77—75 — tt = - — 7 = cosec -4, 

v ' sin (180°-^) sin ^4 * 

Ters(180 --4)=l-cos(180°-^) = l+cosA 

Thus the sine and cosecant of any angle are respectively 
the same as the sine and cosecant of the supplement of the 
angle; the cosine, tangent, cotangent, and secant of any 
angle are numerically equal to the corresponding Ratios 
of the supplement of the angle, but are of opposite sign. 

96. It follows from the preceding Article that if the 
sine of an angle be given, and we have to determine the 
angle without exceeding two right angles, there will be in 
general two angles which may be taken. For example, if 

the sine of an angle be x, we know by Art 28 that 30° is one 

value of the corresponding angle; and by Art. 95 we 
have 180°- 30°, that is 150°, for another value. Similar 
remarks apply for the cosecant. But for the other Trigo- 
nometrical Ratios this does not hold. 

97. It is essential to have a distinct conception of the 
limits to which the values of the Trigonometrical Ratios 
tend, when the angle becomes very small 

The line AP is supposed to turn round A, remaining 
always of the same length. 

First take the sine, 

smPAB=- rfT . 
AJtr 
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Now the figure shews that the smaller the angle PAB is 
the smaller PM is, that is the smaller is the sine ; and bv 
taking PAB small enough the sine will become as small 
as we please. These results are abbreviated thus : 

the sine of 0° is 0. 
Next take the cosine, 

■n A n AM 

cosPAB= Ari . 
AP 

Now the figure shews that the smaller the angle PAB is 
the nearer is AM to AP in magnitude, that is, the nearer 
is the cosine to unity; and by taking PAB small enough 
the cosine will approach as near to unity as we please. 
These results are abbreviated thus : 

the cosine of 0° is 1. 

Next take the tangent, 

. 0jl „ PM 
tan PAB = -.;.>. 
AM 

Now the figure shews that the smaller the angle PAB is 
the smaller PM is and the nearer AM is to A P, that is, 
the smaller is the tangent; and by taking PAB small 
enough the tangent will become as small as we please. 
These results are abbreviated thus: 

the tangent of0° is 0. 
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Next take the cotangent, 

Now as we have already stated, the smaller the angle 
PAB is the smaller PM is and the nearer AM is to AP, 
that is, the larger the cotangent is; and by taking PAB 
small enough the cotangent will become as great as we 
please. These results are abbreviated thus : 

the cotangent o/0° is oo. 

Next take the cosecant, 

AP 
coaec PAB = ^~. 

The reasoning is similar to that in the case of the 
cotangent, and the results may be abbreviated thus: 

the cosecant of 0° is oo . 

Next take the secant, 

sec PAB =4^r> 
AM 

The reasoning is similar to that in the case of the 
cosine, and the results may be abbreviated thus : 

the secant of 0° is 1. 

Since vers PAB=1 -cos PAB we have results which 
we may abbreviate thus : 

the versed sine o/Q° is 0. 

98. We have obtained the previous results by repeated 
reference to the figure, but it should be observed that from 
the first two results the others might have been inferred. 
Thus, for example, 

since tanP^=^g4f, 

cos PAB 9 

the tangent of 0° may be said to be equal to -, that is to 0. 
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a • , nin cos PAB 

Again cot p^= gl5 -p Z g; 

thus the cotangent of 0° may be said to be equal to -, that is 
to infinity. 

99. It is also necessary to have a distinct conception 
of the limits to which the Trigonometrical Ratios tend 
when the angle becomes very nearly a right angle. These 
may be obtained from the figure, in the manner of Art. 97 ; 
or they may be deduced from the results given in Art. 97. 
We shall adopt the latter method. 

Thus, by Art 16, 

sin90°=cos0°=l, 
cos90°=sin0°=0, 
tan90°=cotO°=gD, 
cot90°=tan0°=0, 
sec 90°= cosec 0°= oo , 
cosec 90°= sec 0°=1, 
vers 90°= 1- cos 90°= 1. 

100. Finally it is necessary to have a distinct concep- 
tion of the limits to which the Trigonometrical Ratios tend 
when the angle becomes very nearly two right angles. 
These also may be obtained from the figure in the manner 
of Art 97 ; or they may be deduced from the results given 
in Art 97% We shall adopt the latter method. 

Thus, by Art. 95, 

sin 180°= sin 0°= 0, 
cosl80°=-cos0°=-l, 
tan 180°= -tan 0°= 0, 
cot 180°= -cot 0°= oo, 
secl80°=-sec0°=-l, 
cosec 180° = cosec 0° = a> , 
vers 180°= 1 -cos 180°=2. 
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101. One remark may be made to prevent a possible 
misconception of some of the preceding results. We have 
put oo as the value of tan 90°. The student must not 
assume that oo means necessarily +oo. If an angle is a 
little less than 90°, the tangent is large and positive; if the 
angle is a little greater than 90°, the tangent is large and 
negative; so that in saying that tan 90° is oo we must not 
suppose that the sign + is necessarily to be taken before oo . 
So also in other cases. We have put oo as the value of 
cot 180°, whereas the student might have expected — oo. 
It is true that if an angle is a little less than 180°, the 
cotangent is negative; but if, as in a subsequent Chapter, 
we suppose an angle a little greater than 180°, the cotan- 
gent is positive. 

102. The following table collects many of the results 
obtained in the present Chapter and Chapter m. 





0° 


30° | 45° 


60° | 90° 


120° | 


135° 


150° |180° 


sine 





1 

2 


1 


n/3 
2 


1 


n/3 
2 


1 

n/2 


1 
2 





cos 


1 


n/3 
2 


1 

•J* 


1 
2 





1 

2 


1 


n/3 
2 


-1 


tan 





1 


1 


*/3 


00 


-V3 


-i 


1 
"n/3 





cot 


00 


n/3 


1 


1 
s/3 





1 

n/3 


-i 


-n/3 


00 


sec 


1 


2 

n/3 


n/2 


2 


00 


-2 


~n/2 


2 

n/3 


-1 


cosec 


00 


2 


n/2 


2 

n/3 


1 


2 

73 


n/2 


2 


00 
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Examples. IX. 

1. Find the number of degrees in each angle of a regu- 
lar pentagon. Find also the number of grades. 

2. The number of grades in an angle is equal to two- 
thirds of the number of degrees in the supplement of the 
angle: determine the angle. 

3. There are as many degrees in the complement of A 
as in the supplement of 4A : determine A. 

5 

4. Given sin,4 =— , find the Trigonometrical Ratios 

for^. 

5. Given cot-4=2-A/3, shew that sec -4= a/6 + a/2, 
and cosec A =*/6 - */2. 

6. If tan A = 1 + a/2, find cos 2 A, sm 2 A, and cos 2 A. 

7. If tan .4 tan B=l, shew that sec A= cosec B. 

8. If tan&4 = - -, find cos 2-4, sin 2A, cos -4, and sul4. 

9. Shew that tan 52J - (a/3 + ^2) (*/2- 1). 

10. Given mnA=msmB y and cos ,4 = n cos 2?, find 
sinl4 and sin 8 !?. 

11. Given sin A -m sin 2?, and tan A =n tan B> find 
sin 2 .4 and cos 2 2?. 

12. If tan^ + sec^=5» snew tna * sm ^ = i3' 

a'— 1 

13. If tan,4+sec,4=a, shew that sin-4=-^ — -. 

14. Given sin A + cosec A = 2 T ^ ny , find sin A. 

5 
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15. II an A + cosec A = a, shew that 

Bin -4 = ^ ' . 

16. If a cob*x + b sin'tf = m cos'y, 
and a sin" a? + b cos 8 # = w sin 9 y, 
find sin 8 a? and sin 2 y. 



17. Shew that 



tan ^4 cot ,4 _ 



tan-4-tani? cot-4-cot2?~ 

18. Shew that 

(4 cosM - 1) 9 tanM + (3 - 4 cosM)*= secM. 

19. Shew geometrically that sin 2-4 is less than 
2 sin A. 

20. Shew that 

cosec A (sec -4-1)+ sin A = cot A (1- cos A)+ tan -4. 

21. Given a = 5, 6 = 20, C= 90°, find -4 and B. 

log 5 = '6989700, Ztan 75° 57'= 10-6016170, 
L tan 75° 58' = 106021537. 

22. Given a=9*65, 5=12*24, C= 90°, find A and B. 
log 2 ='3010300, log 153 = 2-1846914, log 193 = 2*2855573, 

Ztan 38° 15'= 9*8967 116, L tan 38° 16'= 9*8969714. 

23. If sin-4 + cos-4=a+ N /(l-a 2 ), shew that either 
sin A or cos A is equal to a. 

24. If sin A =a+ \f\a~ a ) > ^ n< ^ cos ^ 
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X. Properties of Triangles. 

103. The present Chapter will contain some properties 
of triangles which are useful for the solution of triangles. 
We begin with a proposition which we have alreadygiven 
5 r£ $\'*\ wfiich must be reputed in order to shew 
that it holds for oblique-angled triangles as well as for 
acute-angled triangles. 

We retain the notation of Art. 37. 

• 10 \J nan V triangle the sides are proportional to the 
sines of the opposite angles. 





Let ABC be a triangle, and from A draw AD perpen- 
dicular to the opposite side, meeting that side, or that side 
produced at D. 

If B and C are acute angles, we have from the left- 
hand figure 

AD=ABamB, KndAD=ACriaC; 



therefore 
therefore 



that is 



ABsmB=ACBinC, 
AB_ sm O 
AC~~smB' 

c _ sin C 
b~~8wB' 

If the angle C be obtuse, we have from the right-hand 
figure 

AD=ABfunB % and AD= AC sin (180° -C) 

=-4(7sin(7(Art95); 
5—2 
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therefore 
therefore 



that is 



ABfsmB=ACsmC, 

AB sin O 
AG sin^B' 

c _ sin C 
b~ smB' 

If the angle C be a right angle we have 
AG=AB&inB, 
A 




therefore 
that is 



3* ' * *9£ (Art. 99), 
AG sin 2? sin 2? v " 



c sin (7 
&~~ sin -6* 



Thus it is shewn that in every case 

c _ sin O 
b~ swB' 

a . ., , a sin-4 , « sin A 

Similarly t=-. — 5, and -= . ~ . 
rf & 8in5' sin (7 

The results may be written symmetrically thus: 

Bin A _ sin 2? _ sin 17 
~~a 6 " c ; 

and we shall shew hereafter that each of these is equal to 

^5, where R is the radius of the circle described round 

the triangle. 
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105. In any triangle ABC the tangent of half the 
difference of the angles B and Qisto the tangent of half 
their sum as the difference of the two sides AJB and AC is 
to their sum. 




Let AB be the shorter of the two sides AB, AC. 
"With centre A, and radius AB, describe a circle catting 
AC at D. Produce CA to meet the circumference again 
at E. Draw DF at right angles to BD, meeting BC at F. 

The angle BAE is equal to the sum of the angles ABC 
and ACB, by Euclid I. 32 ; the angle BDE is equal to 
half the angle BAE, by Euclid m. 20 ; 

thus BDE=hB+Q. 

The angle ADB is equal to the sum of the angles DBG 
and DCB, by Euclid i. 32 : 

thus DBC=ADB-DCB 

= \{B+C)-C=\{B-C). 

The angle DBE is a right angle, by Euclid in. 31 : 
thus ^j > =tmBDE. 

And ~ = UnDBC 

_ f tm j(B-C )_DF BE_DF 
inereiore t ^jBTC)~ DB^ DB" BE' 
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But DF is parallel to BE, by Euclid I. 29; therefore, 
by Euclid vi. 4, 

DF BE 
DO" CE' 

., , DF CD CA-AD CA-AB 
therefore — = m = ^-^ E = UJ -^ : 

The above investigation has been usually given in ele- 
mentary works on Trigonometry; another method has 
been indicated in which two important formulae are de- 
rived from the figure, and then the result just obtained 
is deduced. 

We have shewn that the angle ADB=\(B+C\ and 
that the angle DBC=UB-C); thus CBE=90°+b(B-C). 
And the angle CEB=IA, by Euclid in. 20. 

Now from the triangle ECB we have 

CE sin CBE = Bm(\8 0°-CBE) ^ Bin {90° -l(B-C)} . 
CB zinCEB ami A = sini^i 

., . . b+c cosi(B-C) 

that is = — f^-j— z—' ; 

a sin £ -4 

therefore (&+6)sin£<4=acos$(2?-(7) (1). 
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Again, from the triangle DCB we have 

CD _ sin GBP _ sin j(Jg- Q 
CB~&mCDB sinjOB+Cy 

thati8 ^ = gini(g-g) e) 

a cos J -4 

therefore (b-c)coabA=asini(B-C) (2). 

Divide (2) by (1); then 
tani(^-^=^coti^=^tanK-S+C') (Art. 16); 
this agrees with the result already obtained. 



100 To express the cosine of an angle of a\ triangle 
in terms of the side's. 




Let ABC be a triangle, and suppose C an acute angle. 
Draw AD perpendicular to BC. 

Then, by Euclid n. 13, 

AB*=BC* + AC 2 -2BC. CD, 

and OD = AC cos C; 

therefore c 2 = a* + b 2 - 2ab cos C s 
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Next suppose C an obtuse angle. Draw AD perpen- 
dicular to 2*(7 produced. 




B 

Then, by Euclid n. }2, 

AB*=B(P+AC*+ 2BG. CD; 

and CD=ACcosACD= AC cos(180°-C)= -ACccb a 
by Art 95; ' 

therefore c*=a % + 6 8 -2a5 cos C. 

Thus in both cases 

a?+b 2 -c* 



COS C/ = - 



2a& 



Moreover when C is a right angle a 2 +b*=c*, and 
cosC=0, by Art. 99. Thus the formula just found for 
cos Cis true whatever the angle Cmay be. 

Similarly 

COS^l- -r , cos 2?= . 

2bc ' 2ac 

107. To express the sine, cosine, and tangent, of half 
an angle of a triangle in terms of the sides. 

We have by the preceding Article 

V+tf-a* 



cos A = - 



2bc 



therefore l^amA-l-***- 4 *- 4 *' 9 -' 7 

2bc 2bc 
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Hence, by Art. 35, 

{an l A? ^ 

_ (a+b-c)(a+c-b) 
4bc 

Let 2* stand for a+5+c, so that 8 is half the sum of 
the sides of the triangle; then 

a+b-c=a + b + c-2c=28-2c=2(8-c), 

a+c-b=a+b + c-2b = 2s-2b = 2(s-b). 

Therefore (smiA? J s ~ b) ( s ~ c \ 



be 



and sin^= / (*-&)(* 

Also l + cos^ = l + — ft — = ^—2^— . 
Hence, by Art. 35, 

_ (a+b+c)(b+c-a) _ 8(s-a) 
4bc be ; 

and cosJ^= /*(*-*) . 

From the values of sin £<4 and cos£ A we deduce 

* V *( 5 _ a ) 
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108. To express the sine of the angle of a triangle in 
terms of the sides. 

By Art. 35, sin A = 2 sin J A cos £ A, 



, * .• . « /(s-b)(s-c) / s(s-a) 
therefore sin A = 2y v ^ x ^/ -^— 7 



= ^(5-a)(«-6)(^-c). 

Or we may proceed thus : 

(sinA)*=l-(coaA)* = l-(^ b ^ 

= 4&V 

_ 2& 2 c 2 j- 2c 2 a 2 + 2a 2 b 2 -a*-b 4 -c* m 
therefore 



sm^ = Wc . 



By comparing the two expressions for sin A we infer 
that 

/ w rw \ 2&V + 2c 2 a , +2a 2 & 2 -a*-& 4 -c 4 

*(#-a)(#-5) (#-<?) = jg , 



and this can be verified by multiplying out the factors 
s,8-a, s-b, and*-c. 
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Examples. X. 

1. IfsinJ3=^,a=3,6=|,find^. 

2. If^ = 75°, 5=45°, 6=2, shew that a=V3 + l. 

3. If6=c( N /3-l),and-4=30°, find 5 and (7. 

4. If 6=2«, and (7=60°, find -4, 5, and a 

5. Find ^ when a=7, 6=5, c=3. 

6. If a, b, and c are \\ feet, If feet, and 2 feet respec- 
tively, find C. 

7. The sides of a triangle are 7, 8, 13 ; find the greatest 
angle. 

8. The sides of a triangle are respectively 13 and 15 
feet, and the cosine of the included angle is || : find the 
third side, and also the perpendicular on it from the 
given angle. 

9. Shew from the formulae for sin B and sin - that 
B=^ifc 2 =b(b + a). 

10. If a=5, 6=4, and (7=60°, find c; having given 
log 3 ='4771213, log 7 = 8450980. 

log 45825 = 4-6611025, log 45826 =46611120. 

11. A perpendicular is drawn from the angle A of a 
triangle on the side BC meeting it at D ; and a perpen- 
dicular from 2T on the side CA meeting it at E: shew that 
DE=c cos (7. 
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12. Shew immediately from the figure in Art. 106 that 

a=b cos C+ c cos B. 

13. From the result in the preceding example and the 
two analogous results deduce the value of cos C given in 
Art. 106. 

14. If sin A =p N /(l - q*) + qj(l -p*), find cos A, 

i* at xwj. a sin^ + sin2^[ 

15. Shew that tan A = -r- t r-j . 

1+ cos A + cos 2^4 

16. If tan^4+cot^ = 2, then sin -4 + cos ^4 = J2. 

17. Find A from the equation 

sec 8 -4 + cosecM = 3 secM . 

18. The hypotenuse AB of a right-angled triangle is 
divided at D so that AD is to BD as CB is to &4 : shew 

that tanu4<72> = ^> CI>=-^±?. 

19. From a ship at sea it is observed that the angle 
between two forts A and B is a; the ship sails for m miles 
towards -4, and the angle between the forts is then ob- 
served to be p j find the distance of the ship from B at the 
second observation. 

20. If a cos 2 # + b sin 2 # = m cos 2 y, 

a sin 2 # + b cos 2 x = w sin 2 y, 
and m tan 2 a? = w tan 2 y, 

shew that (a +b)(m + n)= 2mn, 

and tan 2 # = l. 
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XL Solution of Triangles. 
109. To solve a triangle Jiaving given two angles and 



Suppose A and C the given angles, and b the given 
side; then 

B=180°-A-C; 
a smA 



(Art. 104) 

(/ DILI JJ 

therefore 



b sin-ff' 
b sin A 



smjB 
therefore log a = log b -f- log sin -4 — log sin B 

=\ogb+L sin -4 - 10-Zsin B+ 10 
=log 6 +Z sin ^£ — Z sin B. 
Similarly log c=log b 4- L sin C- L sin 2?. 

110. 7b solve a triangle Jiaving given two sides and 
the included angle. 

Suppose b and c the given sides and A the included 
angle. 

We have, by Art. 105, 





txai(B-C)_b-c 
taniCB+<?) &+c* 


Now 


J+£+C=180°, 


therefore 


. £+0=180°-^, 
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therefore £(5+0=90*--, 

therefore tan£(J5 + Q=cot^ . (Art 16.) 

„ tani(J5-(7) b-c 

Hence — Zlu =hTZ'> 

b—c 
therefore tan £(#-0)=^^; cot £-4, 

therefore 

log tan \ (B- C) =log (b-c) +log cot \ A -log (6 + c), 
therefore 

Xtani( J B-(7)=log(6-tf)+Zcot|-4-log(5+4 

This formula determines i(B-C); and i(B+C) is 
known, since it is 90°- \A ; then B and C can be im- 
mediately found. 

. . a sin A 

Also - * . „ , 

therefore log a=\og c -\-L sin A— L tin C, 
from which a can be found. 

Or a may be found from one of the formulas investi- 
gated in the latter part of Art. 105. We have 

acosi(B-(T) =(&+<;) sinJ-4, 

therefore log a=log (b +c)+LsmiA-L co&\(B-C). 

In this way of finding a we only require two additional 
logarithms, as log (b+c) is already known; whereas in the 
former way we required three additional logarithms : more- 
over Lma\A can be taken out of the tables at the same 
opening of them as L cot £ -4, thus saving trouble. 
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These processes suppose b and c to be unequal. If b and c 
are equal, the triangle is isosceles; and then by drawing 
a perpendicular from the angle A to the base the triangle 
may be divided into two right-angled triangles, and the 
solution may be completed as in Art. 78. 

111. To solve a triangle having given two sides and 
tike angle opposite to one of them. 

Let a and b be the givon sides, and A the given 
angle; then 

sini? _ b 
sin-4 ~ a' 

therefore sin B = - sin A, 

a ' 

therefore log sin B = log b + log sin A — log a, 
therefore Zsin-S=log5 + Zsin^-loga. 

If is less than unity, two different angles may 

be found less than 180° which have — — — for sine, one of 

a ' 

these angles being less than a right angle, and the other 
greater. If a be not less than b, then A must be not less 
than B, and therefore B must be an acute angle; thus 
only the smaller value is admissible for B. If a be less 
than b, then either value may be taken for B. When B is 
determined, C is known, since it is 180°— A -B, and then c 
can be found from 

c sin 
a ~~ sin^4 ' 

Thus if two values are admissible for B we obtain two 
corresponding values for C and c, so that two triangles can 
be found from the given elements. 
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If = 1, then B is a right angle, so that only one 

triangle can be found from the given elements. 

If is greater than unity, no triangle exists with 

a 

the given elements. 

Thus when two sides are given and the angle opposite 
to the less, we can generally find two triangles from the 
given elements, and this case in the solution of triangles is 
therefore called the ambiguous case. 

"We say that two triangles can be generally found, in 
order to allow for the exceptions : for the triangle may be 
right-angled, and then only one triangle can be found ; or 
the triangle may be impossible. 

Some figures illustrating the solution of triangles when 
the given elements are two sides and an opposite angle 
will be found in Art. 88. 

112. To solve a triangle having given the three sides. 
By Art. 107, we have 

A_ /(8-o)(s-c) 



sin 2 



cos 



V fc 

A f s(s—a) 

2 " V fo ' 



2 y ,(,_«; 






and similar formulae are true for the other half angles. 
Any one of the three formulae will serve for finding the 

angle -r ; the formulae for the tangent will however be the 

best to use with logarithms, because then we only require 
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the logarithms of s, *— a, *-&, and *— c in order to find a# 
the angles ; whereas if we use the formulae for the sine or 
cosine, we shall require also the logarithms of the sides. 

113. We will now take some examples of the solution 
of triangles; we shall not give the process of applying the 



principle of proportional parts, for this has been sufficiently 
exemplified in Chapters vi. and vil : we shall merely 
state the results. 

Ex. (1). Given 5=234*7, c=185-4, -4=84° 36', 

Ztan£0B-(7)=log(&-c) + ZcoH-4-log(&+<;). 

&-c=49'3, & + c=4201, ^=42° IS'. 

Log 49*3= 1*6928469 
L cot 42°18' = 100409920 





11-7338389 




log 420-1= 26233527 




Ztan£0B-<7)= 91104862 


Hence 


> we find from the tables 




\ {B - C) = 7° 20' 56" nearly, 


and 


£(5+ (7) =47° 42'. 


Thus 


B = 55° 2' 56", C= 40° 21' 4". 


Then 


loga=>logc+Z sin A — L sin G 




log 185*4= 2*2681097 




L sin 84° 36'- 9*9980683 




12*2661780 




Zsin40°2l'4" = 9 8112196 



loga= 2-4549584 

Hence we find a = 285*0745. 

6 
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Or we may find a by the other method explained in 
Art. 110. 

log 0=log(6 + c)+Zsin£-4— Lcoa$(B—C) 

log 420*1= 2-6233527 
L sin 42° 18'= 98280231 

12*4513758 
L cos 7° 20' 56"= 9*9964178 

loga= 24549580 
Hence we can find a as before. 

The two modes of calculating log a give results which 
differ slightly; but \{B-C) is in fact rather less than 
7° 20' 56", being about 7° 20' 55"*8: if this more correct 
value be employed we shall find that both modes of cal- 
culating will agree in giving a result almost identical with 
that just obtained. 

Ex. (2). Given a = 283'4, b = 3485, A = 32° 15'. 
L sin Z?=log b + L sin A — log a, 

log 3485= 25422028 
L sin 32° 15'= 9*7272276 



12*2694304 
log 2834= 2*4523998 

Zsin^= 98170306 
5=41° 7 36", or 138° 59' 24". 

This is an example of the ambiguous case, so that there 
are two triangles with the given elements. 

If we take 5=41° 0' 36" we have 
(7= 106° 44' 24". 

Then log c = log a + L sin C- L sin A, 

log 283*4= 24523998 
L sin 1 05° 44' 24" = L sin 73° 15' 36" = 9*9811940 

124335938 

L sin 32° 15'= 97272276 

logc= 27063662 
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Hence we find c = 508* 588. 

If we take B= 138° 59' 24", we have 

C= 8° 45' 36". 

log 2834= 2-4523998 
Z sin 8° 45' 36" = 9*1826882 



11-6350880 
Z sin 32° 15' = 97272276 



logc= 1*9078604 
Hence we find c= 80*8836, 

Ex. (3). Given a= 15, 6 = 16, c=17. 
Here *=|(15 + 16 + 17) = 24, 

$— a=9, 8-b=8, s— c=7. 

log 8= -9030900 log 24 = 1-3802112 

log 7= '8450980 log 9= '9542425 

1*7481880 2*3344537 

1*7481880 

2)*5862657 
'2931328 

T . A 1A 1*7481880 2*3344537 

Ztan — = 10 h 

2 2 2 

= 10 - -2931328 = 9*7068672. 
Hence we find 4 = 26 ° 59/ 3 "- 
Similarly we find ^=29° 48' 18". 
Hence ?=90°-^-f =33°12'39". 
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Examples. XI. 

1. Given a=254, .5=16°, C=64°: find 6. 

log 254 - -4048337, L sin 80° =99933515, 
log 7*109 = '8518085, Zjrin 16° =9*4403381. 
log 7*11 = -8518696, 

2. Given a= 274, .4 = 78°, 5=54°: find b. 

log 274 = 2*4377506, L sin 78°= 9*9904044, 
log 226*62 = 2*3552982, L sin 54°= 9*9079576. 
log 226*63=2*3553174, 

3. Given a=1000, 5=104°, C=24°29'20": find 6. 
log 12396=4*0932816, L sin 76° =9*9869041, 
log 12397 = 40933166, L sin 51° 30' = 9*8935444, 

L sin 51° 31' =98936448. 

4. Given b = 55, c = 45, A = 6° : find B and C. 

L tan 87°= 11*2806042, L tan 62° 20' = 102804451, 
L tan 62° 21'= 10*2807524. 

5. Given 6=21, c=10*5, .4 = 36° 52' 12 ,/ : find B 
and C. 

log 2= -3010300, L cot 18° 26' 6"= 10*4771213. 
log 15 = 1*1760913, 

6. Given 6=426, c=354, -4=49° 16': find B and C. 
log 78 = 1*8920946, L cot 24° 38' = 10*3386231, 

log 72 = 1*8573325, L tan 11° 22'= 9*3032609, 
L tan 11° 23'= 9*3039143. 

7. Given 6= 100, c=60, A =42° 30': find 5 and O. 

log 2 = -3010300, L tan 32° 44' = 9*8080829, 
L cot 21° 15' = 10*4101858, L tan 32° 45' = 98083606. 
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8. Given 6 = 82471, c= 63529, A = 4Z° 1(/: find B 
and C. 

log 18942 = 4*2774258, L tan 68° 25' = 10*4027530, 

log 146 = 21643529, L tan 18° 9 / 20" = 9*5157731, 

Z tan 18° 9' 30"= 9*5158442. 

9. Given 6= 3754001, c= 327762*9, A =57° 53' 16"*8 : 
find B and (7. 

log 703163 = 5*8470561, L cot ^ = 10*2572497, 

log 47637*2 = 4*6779462, X tan 6° 59' 2 ,/ *4= 9*0881398. 

10. Given 6=5*75, c=4*5, ,4=48° 20': find B, C, 
and a. 

log 1*25 = '0969100, L tan 65° 50' =10*3480258, 

log 4*3485= '6383382, L tan 15° 12 7 16"= 9*4342119, 

log 4*5 = '6532125, Z sin 48° 20' = 9*8733352, 

log 10*25 =1*0107239, Z sin 50° 37' 44"= 9*8882095. 

11. Given a =528, 6=252, -4 = 124° 34': find B 
and C. 

log 252 = 2-4014005, Z sin 55° 26' = 9*9156460, 

log 528 = 2*7226339, Z sin 23° 8' = 9*5942513, 

Zsin23°9 / =9*5945469. 

12. Given a=120, 6=80, -4 = 60°: find B, Cand c. 
log 2 = 3010300, Z sin 35° 15' = 9*7612851, 
log 3 ='4771213, Z sin 35° 16' =9*761 4638, 
log 1*3797 = -1397847, Z sin 84° 44' = 9*9981626, 
log 1*3798 = '1398161, Z sin 84° 45'= 9*9981743; 

13. Given a =21*217, 6=12*543, ^=29° 51': find B 
and <7. 

log 21217 = 4*3266840, Z sin 17° 6' 40" = 9*4686806, 

log 12543 = 4*0984014, Z sin 1 7 d 6' 50" = 9*4687490, 

Z sin 29° 51' =9*6969947. 
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14. Given log a = 9717973, log 6 = 8929345, 

A = 10° 12 7 10": find B, C t and log c. 
L sin 7C° 12' 10"= 9-9735422, L sin 58° 6' 30"= 9*9289325. 
L sin 51° 41' 20" = 9*8946794, 

15. Given a=36, 6=44, A =32° 42': find B and C. 
log 3= '4771213, L sin 32° 42' =9*7325870, 
log 11 = 1-0413927, L sin 41° 19' =9*8196888, 

L sin 41° 20'= 9*8198325. 

16. Given a =10, 5=15, L sin A = 9*5228787, 

log 3 =-4771213: find B. 

17. Given a=222, 5=318, £=406: find-4. 
log 473 = 2*6748611, log 251 =23996737, 

log 406 = 2*6085260, L cos 16° 28' = 9*9818117, 
log 318=2*5024271, L cos 16° 29'= 9*9817744. 

18. Given a- 11, 5= 13, c= 16 : find all the angles, 
log 2 = '3010300, L cot 21° 31'= 10*4042321, 
log 3 = -4771213, L cot 21° 32' = 10'4038620, 
log 7 = *8450980, L cot 41° 35'= 10*0519190, 

L cot 41° 36'= 100516645. 

19. Given a =25, 6=26, c= 27: find all the angles, 
log 35 = 1*5440680, L tan 28° 7' 30" = 9*7279568, 
log 3= -4771213, L tan 28° T 40" =9*7280074, 

L tan 31° 56' 50"= 9*7948986, 
L tan 31° 57' = 9 7949455. 

20. If the angles of a plane triangle be in Arithmetical 
Progression, and the greatest side be to the least as 5 is to 
4, find all the angles. 

log 3 = -4771213, L tan 10° 53' 30"= 9*2842475, 
L tan 10° 53' 40" = 9*2843610. 
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XIL Heights and Distances. 

114. "We have already in Arts. 38... 45 considered some 
of the cases which properly belong to the present Chapter ; 
and the student is advised to read those Articles again 
before proceeding to the additional investigations which 
we shall now give. 

115. To find the height of an inaccessible object placed 
on a hitt. 




Let P be the top of the object, PQ its height ; let A 
and B be two points in a horizontal plane, such that 
P, Q, A, B are all in the same vertical plane. Let PQ 
produced meet BA produced at C. At A observe the 
angles PAC and QAC; at B observe the angle PBC; 
and measure AB. 

The angle APB=PAC-PBC, and is therefore 
known. 

m . AP sin PBA 

Then -3-= = - — ttth 5 

AB swAPB' 

AB sin PBA 



therefore AP- 



buiAPB 



The angle PAQ=PAC—QAC, and is therefore known. 
The angle PQA = QCA + QAC= 90°+ QAC, and is there- 
fore known. 



Then 



PQ amPAQ 

PA ~ sin PQA ; 

PAsmPAQ 



therefore PQ= — .— D ^ M 

^ sm PQA 

thus PQ is known. 
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Also CQ may be found, if required. For we may find 
A C from the triangle PAC, and then CQ from the triangle 
ACQ. Or we may find PC from the triangle PAC, and 
then by subtracting PQ we have CQ. 

116. To find the distance between two inaccessible 
points which are visible from two accessible points. 




Let P and Q be the inaccessible points; A and B the 
accessible points, from which P and Q are visible. 

We will first suppose all the four points to be in the 
same plane. 

At A observe the angles PAQ and QA B; at B ob- 
serve the angles PBA and QBA ; and measure AB. 

Then in the triangle APB, the side AB and the angles 
PAB and PBA are known; thus PA can be found. 
Again, in the triangle ABQ, the side AB and the angles 
QAB and ABQ are known; thus AQ can be found. 
Lastly, in the triangle PAQ, the sides AP and AQ and the 
angle PAQ are known ; thus PQ can be found. 

If the four points are not all in the same plane the only 
difference is that we must observe the angle PAB as well as 
the angles PAQ and QAB; for now the angle PAB will 
not be equal to the sum of the angles PAQ and QAB. 
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117. Suppose that in the figure of the preceding Ar- 
ticle we know PQ and wish to determine AB without 
measurement, haying observed the same angles as before. 
We may adopt the following method: 

We have AP= AB ™ll A , 

sin APB ' 

Q AB sin QB A 
AH ~ ainAQB ; 
and, by Art. 106, 

PQ*=AP*+AQ>-2AP.AQco&PAQ: 
therefore 

^ {&m 2 APB sin 2 AQB 

2 sin PBA sin QBA cos PA Q l 
sin APB sin AQB )' 

From this formula we can determine A B, since PQ and 
all the angles which occur are known ; but the formula is 
not suited for the application of logarithms. Hence the 
following method is practically better: 

Suppose a second figure similar to ABQP and denote 
it by abqp ; then we shall have 

AB ^ab 

Hence assume any value for ab, and calculate pq from 
the observed angles by the method of Art. 116; then find 
AB from the relation just given. 

118. The problem in the next Article is of practical 
importance for military and other purposes. It may be 
necessary to know the distance of a station from some in- 
accessible objects ; by the aid of a good map the distances 
of three prominent objects from each other may be ascer- 
tained, and then by observing angles and by calculation we 
can determine the distance of a station from these objects. 
This we shall now shew. 
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119. Given the distances of three points from each 
other, to find their distances from a station in the same 
plane with them* 




Let A, B, C denote the three points, so that AB, BC 
and CA are all known. Let the angles which AB and BG 
subtend at the station be observed. At the point A make 
the angle CAD equal to the observed angle at the station 
subtended by BC; and at the point C make the angle 
A CD equal to the observed angle at the station subtended 
by AB. Describe a circle round the triangle A CD, and 
produce DB to meet the circumference again at S. Then 
^will denote the station. 

For the angle BSC=the angle CAD, and the angle 
BSA = the angle ACDi by Euclid m. 21. Hence the 
angles subtended at S by BA and BC are equal to the 
angles observed at the station; and therefore S denotes 
the station. Thus SA, SB and SC represent the three 
required distances: and we shall now shew how they may 
be calculated. 

In the triangle ADC the side A C and the angles CAD 
and A CD are known; thus AD can be found. In the 
triangle ABC all the sides are known; thus the angle 
BAG can be found. Hence the angle BAD is known. In 
the triangle BAD the sides AB and AD, and the angle 
BAD are known; thus the other angles can be found. 
Hence the angle ABS is known. In the triangle ABS the 
side AB and the angles A SB and ABS are known; thus 
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the sides SA and SB can be found. In the triangle ASC 
the sides AG and AS and the angle ASC are known; 
thus the side SC can be found. 

120. Mariner's Compass. In some problems the di- 
rections of straight lines are indicated by the terms used in 
the Mariner's Compass, which we will now explain. 







The circumference of a circle is divided into 32 equal 

parts. Thus there are 32 Points, which have the names 

indicated in the figure, where N. S. E. and W. stand for 

North, South, East, and West respectively. The angle 

360° 
between two adjacent points is — — , that is 11J°. 

Hence we can readily determine the angle between 
straight lines drawn in directions which are indicated by 
these names. For example, if one object appear N.E. of 
an observer and another E.S.E. the angle between straight 
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lines drawn from the observer towards these two objects is 
6xll£°,thatis67i°. 

121. Dip of the Horizon. The earth is known to be 
very nearly spherical in shape. Suppose that from any point 
above the earth's surface straight lines are drawn to touch 
the earth. Then neglecting the inequalities of the earth's 
surface these straight lines will touch the earth at points 
which lie in the circumference of a circle. This circle 
bounds the portion of the earth's surface which is visible 
to a spectator at the point from which the straight lines 
are drawn, and is called the terrestrial horizon of the 
spectator. 




Thus let denote the centre of the earth, P a point 
above the surface, PB a straight line drawn from P to 
touch the surface at B: then B is a point on the horizon. 
Draw PC at right angles to PO in the same plane as B 
and 0; then the angle CPB is called the dip of the hori- 
zon at P. 

Let OP cut the surface of the earth at A. Let the 
angle BPC be denoted by 6. The following relations hold : 

The angle BOP = BPC=0, 
OP=OBbgc6, 

AP^OP-OA = OA(secB^)= OA{l 'l oa0 \ 



PB=OBUm6 



cos 6 

AP cos $. A AP sintf 
»- * tan 6=- A 

1-CO8 1-COS0 

=^Pcot~,by Art. 35. 
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These relations are useful in solving problems relating 
to the dip of the horizon, and the distance of the horizon. 

A formula which depends only on Geometry, may be 
conveniently noticed here. We know by Euclid in. 36 
that 

PB*=PA(PA + 20A); 

now in all cases which can occur in practice PA is ex- 
tremely small compared with 20 A, so that we have very 
approximately 

P&^ZPA.OA. 

The number of miles in OA is very approximately 
3960 ; let n denote the number of miles in PB : then the 
number of feet in PA 

(n x 5280)* 528w J 2 



2 x 3960 x 5280 2 x 396 3 



n\ 



2 
Thus if w=l we have h = - of a foot =8 inches very 

3 
2 
nearly; if n = 2 we have h = - of 4 feet = 32 inches very nearly. 
o 

The surface of still water though apparently plane is 
really curved; and it appears from the above calculation 
that an object less than 8 inches above the surface of still 
water will be invisible to an eye on the surface at the 
distance of a mile. 

1 22. The term angle of depression sometimes occurs in 
problems of heights and distances : in such cases the spec- 
tator is supposed to be at a point P above the surface of 
the earth, and the angle of depression of any point is the 
angle between the straight line PC and the straight line 
drawn from P to the point, which is somewhere below 
PC. Similarly to a spectator at P the angle of elevation 
of a point is the angle between PC and the straight line 
drawn from P to the point which is somewhere above PC 
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Examples. XII. 

1. The angles of depression of the top and bottom of 
a column observed from a tower 108 feet high are 30° and 
60° respectively: find the height of the column. 

2. At the foot of a mountain the elevation of its 
summit is found to be 45°. After ascending for one mile, 
at a slope of 15°, towards the summit, its elevation is found 
to be 60°. Find the height of the mountain. 

3. A and B are two stations on a hill side; the in- 
clination of the hill to the horizon is 30°; the distance 
between A and B is 500 yards. C is the summit of another 
hill in the same vertical plane as A and B, on a level with 
A, but at B its elevation above the horizon is 15°. Find 
the distance between A and C. 

4. A ship which is known to be sailing due East at 12 
miles an hour, was observed at noon to be 15° to the East of 
South; at 1 h. 30 m. after noon the ship was seen in the 
South East : determine the distance of the ship when first 



5. A person wishing to know the distance of a point C 
measures a straight line AB, and finds it to be 100 yards ; 
he observes that the angles BAC and ABC are respec- 
tively 53° 20' and 59° 30': determine the distance of C 
from A. 

L sin 59° 30' = 9'9353204, log 93489 = 4*9707605. 
L sin 67° 10' = 99645602, 

6. A person standing on the bank of a river observes 
the elevation of the top of a tree on the opposite bank to 
be 51°; and when he retires 30 feet from the river's edge 
he finds the elevation to be 46°: find the breadth of the 
river. 
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L sin 46° =98569341, log 3 = '477l213, 

L sin 390=9-7988718, log 155823 ='1926316. 

Zsin 5° =8-9402960, 

7. From the top of a hill I observe two milestones on 
the level ground in a straght line before me, and I find 
their aDgles of depression to be respectively 5° and 15°: 
find the height of the hill. 

Zsin 5° = 8*9402960, log 12990=41136092, 

L sin 10° = 9*2396702, log 12991 =4*1 13642G. 

L sin 15° = 9*4129962, 

8. A tower is situated on the top of a hill whose angle 
of inclination to the horizon is 30° ; the angle subtended 
by the tower at the foot of the hill is found by an observer 
to be 15°; and on ascending 485 feet up the hill the tower 
is found to subtend an angle of 30° : find the height of the 
tower and the distance of its base from the foot of the hill. 

log 3= '4771213, log 280015 = 2-4471813. 

log 485 = 2*6857417, 

9. ABGD is a rectangular piece of water the dimen- 
sions of which are required, but on account of the nature 
of the ground the only measures which can be taken are 
the angles that BG subtends at A, and at a point P which 
is 220 feet from A in BA produced, the former being 71° 
and the latter 55°. Find the length and breadth of the 
rectangle. 

L sin 16°=9*4403381, log 2*2 = '3424227, 

L sin 55°=9-9133645, log 2*12858 = '3280900, 

L sin 71° =9*9756701, log 6'18186 ='7911193. 
L cos 71° = 95126419, 

10. In a survey it is found necessary to continue a 
straight line AB past an obstacle, which, from its height, 
hinders the view of the parts beyond. A straight line BD 
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is therefore measured at right angles to AB, and from the 
point D straight lines DP, DQ are drawn which clear the 
obstacle; the angles BDP and BDQ are found to contain 
41° and 68° respectively, the distance BD being 180 yards. 
Determine the lengths which must be set off along DP 
and DQ to ensure that PQ shall be in the prolongation 
of AB. 

L cos 41°= 98777799, log r8='2552725, 

L sin 22° = 95735754, log 238502 - '3774920, 

log 4-80504 ='6816970. 

11. A ship of a blockading squadron lies 4 miles to 
the South of a harbour, and observes that a ship leaves the 
harbour in a direction E. 30° S. If the blockading ship 
sails 12 miles an hour, in what direction must she go so as 
to cross the course of the other ship in three quarters of an 
hour? 

L sin 22° 38'= 9*5852716, log 2 = '3010300, 

L sin 22° 39' = 95855745, log 3 = '4771213. 

12. The courses of two ships are N. and E. and their 
rates of sailing are equal ; the oearing of the former with 
respect to the latter was E.N.E., but after each had sailed 
four miles the bearing was N.N. W. : determine the distance 
between the ships at the time of the first observation. 

13. While sailing S.W. I observe two ships at anchor, 
one N.N.W., and the other W.N.W. After running 
5 miles these ships are seen N. and N.W. respectively. 
Determine their bearing and distance from each other. 

14. A ship sailing out of harbour is watched by an 
observer from the shore ; and at the instant she disappears 
below the horizon he ascends to a height of 20 feet, and 
thus retains her in sight 40 minutes longer. Find the rate 
at which the ship is sailing, assuming the Earth to be a 
sphere of 4000 miles radius. 
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15. An observer from the deck of a ship 20 feet above 
the level of the sea can just see the top of a distant light- 
house, and on ascending to the masthead, which is 60 feet 
above the deck, he sees the door which he knows to be one- 
fourth of the height of the lighthouse above the level of 
the sea. Find his distance from the lighthouse and its 
height, assuming the earth to be a sphere of 4000 miles 
radius. 

16. Two observers in the same horizontal plane sta- 
tioned at a distance of 200 yards from each other observed 
the altitude and bearing of the top of a tower; to one of 
them the altitude was 60° bearing 8. W., and to the other 
the altitude was 45° bearing W.; find the height of the 
tower. 

17. A flag staff a feet high on the top of a tower is 
seen from a certain point in the horizontal plane on which 
the tower stands to subtend at the eye of the observer an 
equal angle (A) with the tower itself. Shew that the 
height of the tower = a cos 2-4. 

18. A person walks a yards from A to E along AB 
the side of a triangle AGB, and observes the angle 
AEC= ; again he walks b yards from £ to F along the 
side BA and observes the angle CFB also =0; the whole 
distance AB being c, solve the triangle ABC. 

19. The angular elevations of the top of a tower are 
observed to be a, /?, y at the stations A, J$, C respectively; 
the stations are in a horizontal straight line, the direction 
of which does not pass through the tower; the distance 
from A to B is p, and from B to C is q, and B is between 
A and C: shew that p cot 9 y+gcot*a is greater than 
(p+q) cot* @. 

20. The altitude of a cloud was observed to be a, and 

that of the sun in the same direction to be /3, and the 

distance of the shadow of the cloud from the station of the 

observer was found to be c feet: shew that the height of 

., , j c sin a sin/?. . 
the cloud was — 5—7 — ^ feet 
Bin (a— p) 
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In solving the following Examples the Tables will be 
required: 

21. From a window it is observed that the angle of 
elevation of the top of a house on the opposite side of the 
street is 29°, and the angle of depression of the bottom of 
the house is 56°; determine the height of the house, sup- 
posing the breadth of the street to be 80 feet 

22. The elevations of two mountains in the same 
straight line with an observer are 9° 30' and 18° 20' : on ap- 
proaching four miles nearer they have both an elevation of 
37°. Find the heights of the mountains in yards. 

23. P and Q are two inaccessible objects; a straight 
line AB in the same plane as P and Q is measured and 
found to be 280 yards ; the angle PAB is 95°, the angle 
QAB is 47° 30', the angle QBA is 110°, and the angle PBA 
is 52° 20 7 . Determine the length of PQ. 

24. A, B, C are three objects at known distances apart ; 
namely -4-5=1056 yards, -4(7=924 yards, and C!5=1716 
yards. An observer places himself at a station S from 
which C appears directly in front of A, and observes the 
angle CSB to be 14° 24'. Find the distance CS. 

25. A 9 B,CaxQ three objects at known distances apart ; 
namely -42?=* 320 yards, -4 #=600 yards, BG= 435 vards. 
From a station S it is observed that ASB=15P, and 
BSC=Z0°. Find the distances of S from A, B, and C; 
the point B being nearest to S 9 and the angle ASC being 
the sum of A SB and BSG. 
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XIII. Geometrical Solutions. 

123. The present Chapter will consist of Geometrical 
Solutions of some Trigonometrical Problems. 

124. To construct an angle with a given sine or 
cosine. 

Suppose we require an angle the sine of which is a 
given quantity a* 




Describe a circle with unity for its diameter, and draw 
any diameter AB of this circle. With centre B, and 
radius equal to a, describe a circle ; let C be one of the 
points where the circumferences of the two circles inter- 
sect: join AG and BG. 

Then ACB is a right angle, by Euclid m. 31; and 
TIC* 
therefore the sine of BAG is -^g, that is a. Therefore 

BACte such an angle as is required. 

If we require an angle the cosine of which is a given 
quantity a. then the same construction may be made; and 
ABG will oe such an angle as is required. 

125. If an angle is required to have a given cosecant, 
then since the cosecant is the reciprocal of the sine the 
angle must have a known sine, and therefore may be found 
by the preceding Article. 

7—2 
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Similarly, if an angle is required to have a given secant 
or a given versed sine, the angle must have a known 
cosine, and therefore may be found by the preceding 
Article, 

126. To construct an angle with a given tangent or 
cotangent. 

Suppose we require an angle the tangent of which is a 
given quantity a. 

If the tangent of an angle is a the cosine is ■ 



and the sine is ,, a ; . Therefore since these quanti- 
ties are known, we can construct the angle by Art. 124. 
Or we may proceed independently thus ; 




Take a straight line AB the length of which is unity ; 
draw BC at right angles to AB and equal to a, and join 
CA % 

BG 
Then the tangent of BAC is -j~ , that is a. Therefore 

BAG is such an angle as is required. 

If we require an angle the cotangent of which is a given 
quantity a, then the same construction may be made; and 
ACB will be such an angle as is required. 
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. 127. To divide a given angle into two part* which 
shall have their sines in a given ratio. 

Let BAG be the given angle, and let it be required to 
divide it into two parts, such that the sine of one part may 
be to the sine of the other as m is to w. 



Draw a straight line KP parallel to AB, and at a 
distance m from it; draw a straight line LP parallel to 



AC, and at a distance n from it. Let P be the point of 
intersection of these straight lines ; join AP. Then AP 
shall divide the angle BA V in the required manner. 

For draw PM perpendicular to AB, and PN perpen- 
dicular to AC Then 

• n a » PM m 
mPAB "AP m AP i 

. njl ~ PN n 

therefore 

sin PAB m " n- _ m AP tn 
biuPAC^AP '' AP~AP X 'n ~n' 
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128. To divide a given angle into two parts which 
•hall have their cosines in a given ratio. 




■*. i°\ RACbe the given angle, and let it be required to 
divide it into two parts, such that the cosine of one part 
may be to the cosine of the other as m is to n. 

On AB take AM=*m, and on AC take AN=n ; draw 
MP at right angles to AB, and NP at right angles to 
AC. Let P be the point of intersection of these straight 
lines ; join AP. Then AP shall divide the angle BACin 
the required manner. 





cobPAC 


, AN 
=AP 


n 
= AP 


• 




therefore 














cos 
cos 


PAB 
PAC" 


m 
AP* 


n 
AP B 


m 
AP* 


AP_ 
n 


m 
n 



If the point P does not fell within the angle BAC, we 
conclude that the angle cannot be divided into two parts in 
the proposed manner. 

129. To divide a given angle into two parts which 
shall have their tangents in a given ratio. 
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Let BAC be the given angle, and let it be required to 
divide it into two parts such that the tangent of one part 
may be to the tangent of the other as m is to n. 




Take any straight line MN, and divide it at D so that 
DM may be to DN as m is to n. On MN describe a 
segment of a circle containing an angle equal to the angle 
BAG; draw DE at right angles to MN meeting the 
circumference at E. Join EM and EN. Then ED shall 
divide the angle MEN in the required manner. 



For 



therefore 



tmDEM= 

tea DEM 
tan DEN' 



DM 
DE 1 

DM . 

DE" 7 



tanZ>^iV= 



DN 
DE ; 



DN 
DE' 



DM 
DN = 



m 

n ' 



At the point A, in the straight line AB, make the 
angle PAB equal to the angle DEN; then PAC is equal 
to DEM: and AP divides the angle BAC in the manner 
required. 

130. To divide a given angle into two parts which 
shall have their cotangents in a given ratio. 

This may be solved as in the last Article. For with 
the notation there used we have 



cot DEM = 



DE 



therefore 



DM' 

cot DEN VE 
cot DEM" DN 



cotDEN= 



DE 



DE 
DM' 



DN* 

DM_m 

DN" n' 
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131. By the aid of a problem In Euclid we can find an 
expression for the Trigonometrical Ratios of an angle of 
18 , as we will now shew. 




In Euclid iv. 10 the following result is obtained : 

ABD is a triangle in which AB=AD, and Cis a point 
such that^-S . BG=AC* ; and AG= BD : then each of the 
angles at B and D is double the angle at A. 

Hence the angle at A is the fifth part of two right 
angles, and therefore contains 36° ; and each of the angles 
at B and D contains 72°. 

Draw AM perpendicular to BD ; then the angle BAM 
contains 18°. 

Since AB.BC=AG 2 , we have 

AB{AB-AC)=AG*\ 

tb ° 8 jS+zS" 1 -* 

By solving the equation we obtain 

AG -1*^/5 

AB~ 2 * 

AG 
and we must take the upper sign, for -j-j is a positive 

quantity. Thus 

AC_ n/5-1 
AB~ 2 * 
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Now AW-ff-Jfg-^.-afibl. 

AB 2AB 2AB 4 * 

Hence we may deduce the values of the other Trigono- 
metrical Ratios for an angle of 18°. For 

cosM8°=l-sin 2 18 =l-^^Y 

, 6-2^5 ^ 10+2^ 
16 16 ; 

therefore cos 18*= n/( 10+2 n/ 5 \ 

4 

And so on fpr the other Trigonometrical Ratios of 18°. 
Again, draw CN perpendicular to AD. 

Then cos 36°=^; 

and AN=ND, for the triangles ACN and DCNsre equal 
in all respects, by the reasoning in Euclid nr. 10 ; thus 

cos 36°=* 4£ L_ = _U£±1)_ 

2^C7 V5-1 Cn/o-1)(n/5 + 1) 

^ V5 + l 

™ 4 

Or we may obtain this result without recurring again to 
the figure. For, by Art. 35, 

cos 36°=l-2 sin 2 18°=l-^Azl^ =1 _3 :: LN/^ 

16 4 

4 * 

Then sin 36°= N /(l-cos a 36 <) ) = ^ (10 " 2 ^ g) , 

4 

And so on for the other Trigonometrical Ratios of 36°. 
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Examples. XIIL 

1. A certain angle is equal to four times its comple- 
ment: determine the angle. 

2. The sine of one angle is equal to the cosine of ano- 
ther; and the number of degrees in one is three-fifths of 
the number of grades in the other: determine the angles. 

3. Construct an angle whose tangent is four times its 
sine. 

4. Divide a given angle into two parts, so that the sine 
of one part may bear a given ratio to the cosine of the 
other part. 

5. Shew that *?£4±*?E|=tan^ tan5. 

cot-4 + cot B 

6. Shew that the area of any quadrilateral figure is 
equal to half the product of the two diagonals into the sine 
of the angle between them. 

7. In the ambiguous case when a, b and A are given, 
shew that the difference of the squares of the two values of 
the third side is 4b cos A*J(a 2 — &*sin 8 -4). 

a If fe = ^ "* £i = ^ 3> tod a mi *■ 

9. If sin A sin B = sin a sin ft cos A cos B= cos a cos £ 
and cos 2 w4+cos 2 2?-cos*y=l; 

then sin a o+8in , /3=sin 2 y. 

10. If cos x=n sin a, and cot #=sin a cot ft then 

cos*o=-r s — =— . 

H l + w f cos*a 
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11. Ifcosec 2 ^=mtan^and8ec 2 ^=ncot ^, 
then (mn) 8 = (tjm + Jri?. 

12. A rock is observed from the deck of a vessel to 
bear N.N.W. ; and after the vessel has sailed 10 miles in 
the direction E.N J!, the same rock bears due W. Find 
the distance of the rock from the observer at the time of 
each observation. 



13. A C is horizontal ; AB, CD are two vertical towers. 
The angle of elevation of D observed at A is a, and observ- 
ed at B is p; va&AB=h. Find A C and CD. 

14. If a =10, 6=8, e=12, find the angles : 
log 2 = -3010300, L cos 41° 24' = 9*8751256, 
log 3 = -4771213, L cos 41° 25' = 9*8750142. 

15. If a =1, 6=7, c=V(56), find the angles: 
log 2 = -3010300, L sin 32° 18' 40" = 97279609, 
log 7 = -8450980, L sin 32° 18' 50" = 9'7279942. 

16. A straight line CD subtends an angle a at a point 
A and also at a point B ; and CA is at right angles to BD : 
shew that AB=CD cot a. 

17. If cos 6 = tan X cot a, cos <j>= tan X cot ft, and 
seed sec <£=secXtand tan <£-tanatan/?; 

then cos s X=cos*acos 2 /?. 

18. Find sin A and sin B from the equations 

a sin* A + b em*B = c f a sin 2 A = b sin 2B . 
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XIV. Properties of Triangles. 

132. The present Chapter will contain some miscella- 
neous propositions chiefly relating to properties of tri- 
angles. 

133. To find an expression for the area of a triangle 
in terms of the sides. 

If b and c denote two sides of the triangle, and A the 
included angle, the area is i be sin A by Art 47. Now by 
Art. 108 

sm A=^J{s(s-a)(s-b)(s-c)}; 
therefore the area of the triangle = J{s (s - a) (s - b) (s - c)}. 

By the same Article, we have the area of the triangle 
=iJ(Wc*+2c*a*+2a*b*-d i -b 4 -c*). 

It is usual to denote by Sthe expression 

s/{s(s-a)(s-b)(s-c)} 9 
or iJ(2b*c*+2c*a*+2a*b*-a 4 --b i -c € ). 

134. To find the radius of the circle inscribed in a 
triangle. 
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Let ABC he a triangle; and let O be the centre of the 
circle inscribed in the triangle, and touching the sides at 
the points D, E, and F. Join OD, OE, and OF. 

Let r denote the radios of the circle. Then 
the area of the triangle BOC=iBC.O£>=— ; 

the area of the triangle COA=i CA . OE=-£; 

cr 
the area of the triangle AOB=\AB . OF= -^ : 



therefore, by addition 

— - — r=the area of the triangle ABC 

=$ by Ait 133, 
that is sr=S. 

Therefore, r=-« 

The radius of the inscribed circle is thus equal to the 
area of the triangle divided by half the sum qf the rides ; 
and various expressions can be obtained for the radius 
by employing the various expressions already given for the 
area of the triangle. 

For example 



a b sin C _ oft sin C 

2* ~a+b + c* 
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135. To find the radius of the circle which touches 
one side of a triangle and the other two sides produced. 

Let ABC be a triangle; and let 1 be the centre of the 
circle which touches BC and the other sides produced. 
Let 2>, E, and F be the points of contact Join O x D, O x E y 
and O x F. Let r x denote the radius of the circle* 




The quadrilateral OiBACma.j be divided into the two 
triangles O x AB f O x AC\ therefore the area of this quadri- 
lateral is - r x + -r x . Again the same quadrilateral maybe 
divided into the triangles O x BC and ABC; therefore the 
area of this quadrilateral is | n+ S r Thus 



c b a „ 
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therefore C+ t~ a >y=3" 

that is (s-tfr^S. 

Therefore ri =-^- . 

1 s—a 



touches GA and the other sides produced ; and let r. de- 
note the radius of the circle which touches AB and the 
other sides produced: then we shall find that 



s-b' r *-$-c m 



r * = 7Zh> r * = 



A circle which touches one side of a triangle and the 
other sides produced is called an escribed circle. 



136. Examples and problems are frequently given re- 
specting the inscribed and escribed circles of a triangle, 
which depend chiefly on the following geometrical facts : 

In the figure of Art 134 the straight lines OA, OB, OC 
bisect the angles A, B, C respectively, by Euclid it. 4. In 
the figure of Art 135 the straight line O x A bisects the 
angle A, the straight line d B bisects the angle FBD, and 
the straight line O x C bisects the angle EGD. See notes 
on the fourth book of Euclid. Thus the points A, O, and 
Oi are on one straight line, namely that which bisects the 
angle A. 

Let % denote the centre of the escribed circle which 
touches CA, then the points ly C, and 0, are on one 
straight line, namely that which bisects the angle BCE, 
which is the supplement of ACB. 

The angle OBO x is a right angle. 
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137. To find the radius of the circle described round 
a triangle. 




Let ABC be a triangle* and let O be the centre of the 
circle described round it. Draw OD perpendicular to BO; 
then BO is bisected at 2>, by Euclid it. 5. Join OB and 
00. Let R denote the radius of the circle* 

The angle BOO is double of the angle 2?.4C> by Euclid 
hi. 20'; therefore BO£>=A. 



And 


BD = 


RbolA 


a 
~2 ; 


therefore 




R 


a 


~2sin-4* 


By Art. 


108, 


Bin A ■■ 


2S 
'be' 9 


therefore 




R 


abc 
" 4JS* 


We see 


that 8in ^ 
a 


1 
2R' 


thus we hai 


Art. 104, 










Bin A 
a 


sin 2? 

b " 


sin 1 
<? 2i*' 
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138. To find the perimeter and the area of a regu- 
lar polygon inscribed in a circle. 




Let O be the centre of a circle ; let a regular polygon 
of n sides be inscribed in the circle, and let AB be one of 
the sides. Draw OP perpendicular to AB; and join 
OA 7 OB. 

Let r denote the radius of the circle. 



The angle AOB = , 

AB = 2AP = 2A0 sin AOP = 2r sin — . 

n 

The area of the triangle AOB=i AB . OP=AP . OP 

= AO sin AOP. AO cob AOP =r^ fan— ces 1 — \ 

n n 

Or, by Art. 47, the area of the triangle 

= i^0.£0sin^05 = £sin — . 

The perimeter of the regular polygon =n . -42? 

o • 180 ° 

= 2nrsin . 

n 

The area of the regular polygon = n . triangle A OB 

. . 180° 180° nr* . 360° 
^nr'sin cos = -5- sin . 

8 
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139. To find the perimeter and the area of a regular 
polygon described about a circle. 




Let be the centre of a circle ; let a regular polygon of 
n sides be described about the circle, and let AB be one 
of the sides. Draw OP to the point of, contact ; then OP 
is perpendicular to AB, by Euclid in. 18. Join OA, OB. 

Let R denote the radius of the circle. 



The angle 



AOB = 



360° 



AB = 2AP = 20P tan AOP = 2R tan 



180° 



The area of the triangle AOB=i AB . OP =AP. OP 

— R 2 tan . 

n 

The perimeter of the regular polygon -n.AB 

o z>* 180 ° 

= 2n/ctan . 

n 

The area of the regular polygon =n . triangle AOB 

= nR* tan . 

n 
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140. The expressions found in the two preceding 
Articles may be applied in various ways. 

Thus in Art. 138 we have 

ah o . 180° 

n ' 

hence r r=^?cosec— °: 

2 n 

this determines r when AB is given. 
Similarly, from Art. 139 we have 

D AB .180° 

R=— -cot : 

2 n 

this determines R when -45 is given. 

Again, suppose a regular polygon of n sides to be in- 
scribed in a circle, and another regular polygon of n sides 
to be described about the same circle : then 

. 180° 

side of inscribed polygon _ sm n 180° 

side of circumscribed polygon = . 1 80° ~ cos ~JT~ ; 

° tan 

n 

. 180° 180° 
area of inscribed polygon __ Bm ~~JT °°* ~n~ 
area of Circumscribed polygon ~~ 180* 

tan 

n 

-180° 

=cos 2 . 

n 

The second of these two ratios might also be deduced 
from the first by Euclid n. 20. 



8—2 
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Examples. XIV. 

1. Shew from the figure in Art. 134 that 

r(cot£-B+cot£<7)=a. 

2. Shew from the figure in Art 135 that 

r l (tani^+tani<7)=a, 

3. Find the radius of the circle inscribed in an equi- 
lateral triangle. 

4. Find the radius of the circle described about an 
equilateral triangle. 

5. The sides of a triangle are 68, 75, and 77; deter- 
mine the area, the radius of the inscribed circle, and the 
radius of the circumscribed circle. 

6. In a triangle a =243 yards, 5=324 yards, 6=405 
yards : find the area. 

7. Find the area of the triangle in which a =1864, 
6=C=2796. 

log 2 = '3010300, log 24568 = 43903698, 

log 932 = 2-9694159, log 24569 = 4*3903875. 

8. Find the area of the triangle in which a =942, 
6=812, <?=1270. 

log 7 = -8450980, log 1512 = 31795518, 
log 57 =1*7558749, log 382094 ='5821700, 
log 242=2-3838154. 

9. Shew that in the figure of Art. 134 



cos^C 
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10. Shew that in the figure of Art 135 

sin£(7 ' co&^A 

11. Shew from the figure in Art 134 that AF=$-a, 
and 

r =(*-«) tan ^. 

12. From the preceding result deduce the value of r 
in Art 134. 

13. Shew from the figure in Art. 135 that AF=s, and 

n=*tan-. 

14. From the preceding result deduce the value of r x 
in Art 135. 

15. In the ambiguous case, when a, b and A are given 
shew that the circles circumscribing both triangles are 
equal in magnitude, and that the distance between their 
centres is 

VfaicosecM-ft 8 ). 

16. A tower is at right angles to a plane, and in the 
plane three points are found at which the tower subtends 
the same angle ; these three points are distant from one 
another 123, 130, and 77 yards ; also in passing from each 
one to the others in straight lines the greatest angle which 
the tower subtends at the eye is 45°. Shew that the height 
of the tower is 14| yards. 
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XV: Angles greater than two right angles. 

141. In practical applications of Trigonometry it is 
not necessary to consider any angles except such as lie 
between zero and two right angles ; and accordingly we 
have already explained the principles of the subject with 
sufficient generality for those who confine themselves to 
practical applications. But when Trigonometry is studied 
as a branch of theoretical mathematics it is found conve- 
nient to extend the notion of an angle ; and this extension 
we shall now consider. 



142. Angles may be of any magnitude. 

Let BAD be any straight line, CAE a straight line at 
right angles to BAD. Suppose a straight line AP to 
revolve round one end A, starting from the position AB. 
When AP coincides in direction with AG, the angle which 




has been described is a right angle ; when AP coincides 
in direction with AD, the angle which has been described 
is two right angles ; when AP coincides in direction with 
AE, the angle which has been described is three right 
angles; when AP coincides in direction with AB, the 
angle which has been described is four right angles. Then 
as AP proceeds through a second revolution, the angle 
described will be greater than four right angles. Thus if 
AP be situated midway between AB and AC, the angle 
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between AB and AP will be half a right angle if AP be 
supposed in its first revolution ; the angle will be four 
right angles and a half if AP be supposed in its second 
revolution ; the angle will be eight right angles and a half 
if AP be supposed in its third revolution ; and so on. 

143. The straight lines CAB and BAD form by their 
intersection four right angles ; these are called quadrants: 
BAC is called the first quadrant, CAD the second 
quadrant, DAE the third quadrant, and EAB the 
fourth quadrant. Now suppose any angle formed by the 
fixed straight line AB and the moveable straight line AP; 
if AP is situated in the first quadrant, the augle BAP is 
said to be in the first quadrant; if AP is situated in the 
second quadrant, the angle BAP is said to be in the second 
quadrant; and so on. 

144 Angles may be negative. 

By a convention similar to that in Art 91, we distin- 
guish angles measured in one direction from angles mea- 
sured in the opposite direction. Let a straight Tine start 
from the position AB, and by revolving in one direction 



— B 



round A trace out the angle PAB, and let this angle be 
denoted by & positive number ; then if the straight line 
start from AB, and by revolving round A in the opposite 
direction trace out the angle P'AB, this angle may be 
denoted by a negative number. If, for example, each of 
the angles BAP and BAP' be one-third of a right angle, 
and we denote the former by 30°, the latter will be denoted 
by -30°. 
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145. In Art 91 we distinguished by means of positive 
and negative numbers between the two directions in which 
distances may be measured along a fixed straight line from 
a fixed point. In like manner we may distinguish between 
the two directions in which distances may be measured 
along a second straight line at right angles to the former. 

Let BOB, GOG' be two straight lines which cut at 
right angles. Let P be any point in the plane which con- 



N 


C 

P 






B/ 


M B 
C 



tains these two straight lines. The position of P will be 
known if wo know the distance of P from each of the 
straight lines BB and GG\ and also know on which side 
of each of these straight lines P is situated. Draw PM 
and PN perpendicular to the straight lines BR and GG' 
respectively. We shall adopt the following conventions : 
the distance NO or PM will be denoted by a positive 
number when P is above the straight line BB> and by a 
negative number when P is below the straight line BB; 
the distance MO or PN will be denoted by a positive 
number when P is to the right of GG' and by a negative 
number when P is to the left of GC 



146. 
Ratios. 



General definitions of the Trigonometrical 



We can now give general definitions of the Trigonome^ 
trical Ratios which will apply to angles of any magnitude. 
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Let AB y AC he two straight lines at right angles; let 
a straight line turn round the point A from AB towards 
AC and come into any position AP; draw PM perpendi- 
cular to AB or to AB produced through A. Then consi- 
der AP as always positive ; consider AM as positive or 
negative according as M is on the same side of AC as 
B is, or on the opposite side; and consider PM as posi- 
tive or negative according as P is on the same side of AB 
as C is, or on the opposite side. Let the an$le PAB be 
denoted by A ; then the Trigonometrical Ratios of A are 
thus defined : 



. A PM 
mA =AP> 



tan -4 = 



PM 
AM' 



sec^ = 



AP 

AM 9 



A AM . - AM A AP 

C08 AP 3 PM' cosecA = p]ji> 

vers -4 = 1 -cos A f covers^ = 1 -sin A. 
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147. We have therefore Trigonometrical Ratios for any 
positive angle whatever may be its magnitude; and we 
have also Trigonometrical Ratios for any negative angle 
by adopting the convention that the Trigonometrical Ratios 
for any negative angle shall be the same as they would be 
for what we may call the corresponding positive angle. 
Thus, for example, in the last figure we may consider BAP 
as a negative angle, the magnitude of which is —60°; then 
the Trigonometrical Ratios will be the same as for the 
angle formed by turning the moveable line AP in the posi- 
tive direction until it reaches the position which it has in 
the figure ; so that the Trigonometrical Ratios for the angle 
- 60° will be the same as for the angle 360°- 60°. 

148. It follows immediately from the definitions that 
if two angles differ by four right angles or by any multiple 
of four right angles, the Trigonometrical Ratios of the two 
angles are the same. 

149. The relations established in Arts. 19—23 between 
the Trigonometrical Ratios of angles not exceeding a right 
angle will now be seen to hold universally between the 
Trigonometrical Ratios of angles of any magnitude. 

It will be sufficient for the student to satisfy himself 
that the following relations hold universally, as from these 
the others can be deduced : 

, . sin-4 . . cosA 

tan ^4 = j, cot.4 = - — 7> 

cos-4 7 sin -4* 

A 1 A l 

bqcA = 79 cosec-4=- — 7, 

cos-4* sin .4' 

sin* A + cos* A = 1. 
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Examples. XV. 

Find all the angles between and 360° which satisfy the 
following twelve equations : 

U sinl4 = i 2. 008^=^. 

4 2 

3. tanl4 = 3. 4. sin 2^=-^. 

5. cos 2A = -~. 6. tan2-4=l. 

7. 2cos , -4 + sin^4 = l. 8. 2sinl4=3(l+cos^4). 

9. tanl4-4tan.4 + l=0. 10. tan^-cot^4=2. 

11. 8in^ = l-cos2^4. 12. cos-4 = l+cos2-4. 

13. In any triangle, shew that 

vers 4 _ a(a+c—b) 
vers B~~ b (b +c- a)* 

14. In any triangle, shew that 



.A b+c-a 

cot- 

15. If a point be taken within a triangle so that the 
sides subtend equal angles at it, and a, ft y be the distances 
of this point from the angular points of the triangle, shew, 
that 

* x« •«/««. « 4 area of the triangle 

16. If a triangle be divided into any two parts by a 
straight line drawn from one of the angles, shew that the 
radii of the circles described about these two triangles are 
in a ratio which is constant for all positions of the dividing 
straight line* 
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XVI. Changes in the Ratios as the angle changes. 

150. In the present Chapter we shall trace the 
changes in magnitude and sign of the various Trigono- 
metrical Ratios as the angle changes from zero to four 
right angles. 

151. To trace the changes in the sine of an angle as 
the angle varies. 




Let BAB* and CAC be two straight lines at right 
angles, and suppose a straight line AP of constant length 
to turn round one end A from the fixed position AB, so 
that P traces out the circle BCB'C. Prom any position 
of P draw PM perpendicular to BAB ; then 

• n a -n PM 

mnPAB=-jp. 

When AP coincides with AB the perpendicular PM 
vanishes ; then when the angle is zero so also is its sine* 
While AP moves through the first quadrant PM is posi- 
tive, and continually increases until AP coincides with 
AC, and then PM is equal to AP ; thus as the angle 
increases from to 90° the sine increases from to 1. 
While AP moves through the second quadrant PM is 
positive and continually decreases until AP coincides with 
AB';&n& then PM vanishes ; thus as the angle increases 
from 90° to 180° the sine diminishes from 1 to 0. While 
AP moves through the third quadrant PM is negative 
and increases numerically until AP coincides with AC; 
thus as the angle increases from 180° to 270° the sine is 
negative and increases numerically from to — 1. While 
AP moves through the fourth quadrant PM is negative 



d by Google 



.AS THE ANGLE CHANGES. 125 

and decreases numerically until AP coincides with AB ; 
thus as the angle increases from 270° to 360° the sine is 
negative and decreases numerically from — 1 to 0. 

152. To trace the changes in the cosine of an angle 
as the angle varies. 

With the figure of Art 151 we have co*PAB=^p. 

At first AP coincides with AB and then A M=AP, thus 
when the angle is zero the cosine is 1. While AP moves 
through the first quadrant AM is positive and continually 
decreases until AP coincides with AG and then AM 
vanishes ; thus as the angle increases from to 90° the 
cosine diminishes from 1 to 0. While AP moves through 
the second quadrant AM is negative and increases nu- 
merically until AP coincides with AB / ; thus as the angle 
increases from 90° to 180° the cosine is negative and in- 
creases numerically from to — 1. While AP moves 
through the third quadrant AM is negative and decreases 
numerically until AP coincides with AC; thus as the 
angle increases from 180° to 270° the cosine is negative and 
decreases numerically from —1 to 0. While AP moves 
through the fourth quadrant AM is positive and continu- 
ally increases until A P coincides with AB; thus as the 
angle increases from 270° to 360° the cosine is positive and 
increases from to 1. 

153. To trace the changes in the tangent of an angle 
as the angle varies. 

With the figure of Art 151 we have tan PAB=^^. 

At first AP coincides with AB, and then AM=AB; 
thus when the angle is zero so also is its tangent While 
AP moves through the first quadrant PM and AM are 
positive ; PM continually increases and AM continually 
decreases until AP coincides with AC; thus as the angle 
increases from to 90° the tangent increases from with- 
out limit, so that by taking an angle sufficiently near to 90° 
we can make the tangent as great as we please ; this is 
usually expressed for the sake of abbreviation thus : the 
tangent of 90° is infinite. While AP moves through the 
second quadrant PM is positive and AM is negative ; 
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PM continually decreases and AM increases numerically 
until AP coincides with AB ; thus as the angle increases 
from 90° to 180° the tangent is negative and decreases 
numerically from an indefinitely large value to zero. 
While AP moves through the third quadrant PM and 
AM are negative ; PM increases numerically and AM 
decreases numerically until AP coincides with AC; 
thus as the angle increases from 180° to 270°, the tangent 
is positive and increases from without limit, so that by 
taking an angle sufficiently near to 270° we can make the 




tangent as great as we please ; this as before is abbreviated 
thus : the tangent of 270° is infinite. While AP moves 
through the fourth quadrant PM is negative and AM is 
positive ; PM continually decreases numerically, and AM 
increases until AP coincides with AB ; thus as the angle 
increases from 270° to 360° the tangent is negative and 
decreases numerically from an indefinitely large value to 
zero. 

Similarly the changes in the cotangent of an angle may 
be traced. 

154. To trace the changes in the secant of an angle 
as the angle varies. 

The changes in the secant of an angle may be traced by 
means of the figure in the same way as those of the 
sine, cosine, and tangent; or we may use the formula 

aeePAB= n A n f and infer the changes in the secant 

cos PAB' ° 

from the known changes in the cosine ; we will adopt the 

latter method. As the angle increases from to 90° the 
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cosine diminishes from 1 to ; thus the secant increases 
from 1 without limit, so we may say the secant of 90° is 
infinite. As the angle increases from 90° to 180° the 
cosine is negative and increases numerically from to — 1 ; 
thus the secant is negative and decreases numerically 
from an indefinitely large value to — 1. As the angle 
increases from 180° to 270° the cosine is negative and 
decreases numerically from — 1 to ; thus the secant is 
negative and increases numerically from — 1 to infinity. 
As the angle increases from 270° to 360° the cosine is 
positive and continually increases from to 1 ; thus, the 
secant is positive and diminishes from infinity to 1. 

Similarly the changes in the cosecant of an angle may 
be traced. 

155. To trace the changes in the versed sine of an 
angle as the angle varies. 

Since vers -4 = 1— cos A, as the angle increases from 
to 180° the versed sine increases from to 2, and as the 
angle increases from 180° to 360° the versed sine diminishes 
from 2 to 0. 

156. Thus we see that the sine and the cosine may 
have any value between - 1 and + 1 ; the tangent and the 
cotangent may have any value between — oo and +a>; 
the secant and the cosecant may have any value between 
— oo and —1 and between +1 and + oo. And it will be 
found on examination that no Trigonometrical Ratio 
changes its sign except when it passes through the value 
zero or the value infinity. The versed sine is always 
positive and may have any value between and 2, 

157. The student should carefully remember the signs 
of the Trigonometrical Ratios in the four quadrants : the 
following table exhibits them. 



sine 


1st 

+ 


2nd 

+ 


3rd 


4th 


cosine 


+ 


- 


- 


+ 


tangent 


+ 


- 


+ 


- 
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Examples. XVL 

Trace the changes in the sign and value of the following 
six expressions as A changes from to 360° : 

I. sin^+cosJ. 2. sin ^ -cos J. 
3. sin' A. 4. cos'-d— sin 1 A. 
5. sin^+cosec J. 6. tan ^4 + sec A 

7. Find the least value of tan 2 -4+cot 2 -4 when A 
varies. 

8. Find the least value of 4 cos* A+ sec 2 A when A 
varies. 

9. ABCD is a quadrilateral figure which can be in- 
scribed in a circle : shew that AC sin A = BD sin B. 

10. Shew that the area of a regular hexagon inscribed 
in a circle is to the area of a regular octagon inscribed in 
the same circle as 3* is to 2*V 

II. The sides of a quadrilateral figure taken in order 
are 135, 180, 150 and 125 feet; and the angle contained by 
the first two is a right angle: determine the area of the 
figure. 

12. ABC is a triangle, and D is the middle point of 
BC: shew that 

A&=\(V+<?)-*. 

13. Shew that in any triangle the length of the per- 
pendicular from A on the opposite side is equal to 

fc*8inC r +c 2 8in,g 

b+c 
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14. Shew that in any triangle 

6 2 sin 2A + a* sin 2B=2bc sin A. 

15. Shew that the perpendicular from an angle of a 
triangle on the opposite side is an Harmonic Mean between 
the radii of the adjacent escribed circles. 

16. If A + B + C= 180°, shew that 

vers A vers (B + C)=sinA sin (B+C). 

With the notation of Arts. 134, 135, 136 establish the 
following results: 

17. 00 1 =(r l -r)coaeeiA=—, x a .,;^ %-. r?. 

18. 0,0,=(r. + r,) 8 ecK= (< _ a)( ^ff (< _ c)} . 

19. r^tan-tan-tan^. 



OA 


a-b 


ZU. 


J > ,A' 
cot--cot^ 


21. 


OOS+0,0^^, 


22. 


r.OO^OB.OC. 


23. 


0A.00 1 =4Rr. 



24. Perpendiculars are drawn from the angles of a 
triangle on the opposite sides meeting at K: shew that 

AX=2Rco&A. 



9 

d by Google 



130 



REDUCTION OF THE ANGLE. 



XVII. Reduction of the angle. 

158. The object of the present Chapter is to shew that 
the Trigonometrical Ratios of any angle, positive or nega- 
tive, can be expressed in terms of the Trigonometrical 
Katios of an angle less than a right angle. 

We shall require some preliminary propositions. 

159. To shew that 

sin(— A)=-smA, and cos (— ^)=cos A. 

p 




Let PAR be any angle ; draw PM perpendicular to 
the straight line EAR', and produce it to P A so that MP* 
may be equal in length to MP, and join AP*. 

The angles P , AR and PAR are numerically equal but 
are measured in opposite directions from AR; let PAR 
be denoted by A, then P'AR will be denoted by -A. 
And 



. A PM 
* mA = AP> 



• / >#x FM 
&m(-A)=-jp,; 



now P'M is numerically equal to PM, but of opposite 
sign : thus 

sin (~A)= — bui A. 



Also cos (--4)=9"d/ = 1 t^= cos -4- 



AM AM 
'AP*" AP = 
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160. Hence we have : 

. , ,* sin (-A) -sinA , . 

tan(-.4)= — ) — ( = j- = -tan^; 

cos(— A) cos A 

. , AS cos (—A) cos A . 4 

cot (--4) = -.— ; — A { = — : — j = -cot A ; 
^ ' sin (—A) -sin.4 

/ A\ l l A 

sec(--4) = t — jt = r = sec A ; 

x ' cos(— A) cosA 

cosec(— A) = -r—, — 7: = — : — 7 = — cosec-4; 
v ' sm(-A) -sin ,4 

vers (—-4)= 1 —cos (—-4)= 1 -cos A = vers A. 

These results might also be obtained directly from the 
figures, as in Art. 159. 

161. To shew that 

sin (180°+^)= -sin A, and cos (180*+ A)= -cos A. 

P p 



B> 1 " T^A M B B' 



M' 



Let PAB be any angle ; produce PA to P / so that 
AP 1 may be equal in length to AP : draw PM and P'M\ 
perpendicular to the straight line BAR. 

Let the angle PAB be denoted by A, then the angle 
P*AB measured in the same direction from A will be 
denoted by 180° + A. And 

PM P f M' 



003 AP> 008(180°+^) = -^^. 



9—2 
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p p 




M B B' 



The triangles PAM and PAM' are geometrically 
equal in all respects ; thus PM and P'M[ are numerically 
equal, but they are of opposite sign : also AM and AM ' 
are numerically equal but of opposite sign. Thus 

sin (180°+^)= -sin A, cos(180 f +-4)=-cosA 

162. Hence we have : 

. /,o^« *s sin(l80°+-4) -sin-4 . A m 
tan 0&+*)= Jl lM >+ A l = Z^A =zUmA ; 

A „^ *s cos(180°+^) -cos.4 . A 

™** + *)- ftjj^2) = ^A = - COBeeA 5 

vers(180°+-4)-l-cos(180 p +^)=l+cos-4 

=2 -vers -4. 

These results might also be obtained directly from the 
figures as in Art. 161. 

163. We can now demonstrate the statement made in 
Art. 158. 

By the formulae in Arts. 159 and 160, we can express 
the Trigonometrical Ratios of a negative angle in terms of 
the Trigonometrical Ratios of a positive angle. Thus we 
need only consider positive angles. 
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By Art 148 any multiple of four right angles may be 
rejected. Thus we need only consider angles less than four 
right angles. 

By Arts. 161 and 162 we can express the Trigonometri- 
cal Ratios of an angle between two and four right angles 
in terms of the Trigonometrical Ratios of an angle less 
than two right angles. 

By Art 95 we can express the Trigonometrical Ratios 
of an angle between one and two right angles in terms of 
the Trigonometrical Ratios of an angle less than a right 
angle. 

Thus the statement is demonstrated. 

164. It will be observed that when we thus reduce the 
angle we can always express a Trigonometrical Ratio of any 
angle in terms of the same Trigonometrical Ratio of the 
reduced angle. 

165. As examples of the reduction of the angle we 
have: 

sin 700°=sin(360 +340 ) = sin340°=sin(180 + 160 f ) 
= -sin 160°= -sin 20°, • 

cos(-800 )=co8800 =co8(720 +80 )=cos80 ; 

tan 500°= tan (360°+ 140°) =tan 140°= -tan 40° ; 

cot 460°= cot (360° +100°)= cot 100°= - cot 80°. 

sec930 =sec(720 +210 )=sec210 =sec(180°+30 ) 
= -sec30°; 
cosec(-600°)= -cosec 600°= -cosec (360°+240°) 
= -cosec240°= -cosec (180°+ 60°)= cosec 60°. 
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Examples. XVII. 

Find the values of the following twelve Trigonometrical 
Ratios : 

1. sin 225°. 2. sin 810°. 3. sin (-240°). 

4. cos 210°. 5. cos 540°. 6. cos (-300°). 

7. tan 195°. 8. tan 345°. 9. tan(-120°) 

10. cot420°. 11. cot510°. 12. cot(-315°). 

13. With the notation of Chapter xtv. shew that the 
area of a triangle is equal to 

Rr (sin A + sin B + sin C). 

14. Shew also that the area is equal to 

JjK 2 (sin 2A + sin22?+8in 2(7). 

15. From the bottom of a station in a horizontal plane 
the altitude of the summit of a mountain is found to be a, 
and on retiring c feet from the station its top is seen to be 
in a straight line with the top of the mountain : shew that 
if A be the height of the station the height of the mountain 

is — r — --feet, 
c— /i cot a 

16. If CD subtend an angle a at each of the stations 
A and B, which are distant h apart, and the sum of the 
two angles ABD and BAG be <r, shew that the distance 
between C and D is either 

A sin a h sin a 

or 



sin(o--o) sin (<r + a)" 
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XVIII. Angles with given Trigonometrical Ratios. 

166. We have shewn in Art. 17 that corresponding to 
a given angle there is only one value for an assigned 
Trigonometrical Ratio. But corresponding to a given 
value of an assigned Trigonometrical Ratio there is an 
unlimited number of angles, as we see from Chapter xv. 

We shall now investigate expressions which include all 
the angles having a given value of an assigned Trigono- 
metrical Ratio. 

167. To find an expression for aU the angles which 
have a given sine. 




Let BOG be the least positive angle which has the 
given sine ; denote this angle by A. Produce BO to any 
point W and make the angle &OG'=BOG\ then BOG' 

= 180°-^. 

Now it is obvious from the figure that the only positive 
angles which have the same sine as A are 180° -^4, and 
the angles formed by adding any multiple of four right 
angles to A or to 180°— A ; that is, angles included in the 
expressions n360°+-4 and n360°+ 180° --4, where w is zero 
or any positive integer. Also the only negative angles which 
have the same sine as A are— (180* + A) and -(360° -A\ 
and the angles formed by adding to these any multiple of 
four right angles taken negatively ; that is, angles included 
in the expressions w360°-(180° + ^), and n360*- (360°-^), 
where n is zero or any negative integer. 

All the angles which have been indicated will be found 
on trial to be included in the expression nl 80°+ (-1)"^, 
where n is zero or any integer positive or negative. Also 
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all the angles included in this expression will be found 
among the angles which have been indicated. 

Thus this expression includes all the angles which have 
the same sine as A ; and all the angles which it includes 
have the same sine as A. This expression also applies for 
all the angles which have the same cosecant as A. 

168. To find an expression for all the angles which 
have a given cosine. 




Let BOG be the least positive angle which has the 
given cosine ; denote this angle by A. Make the angle 
BOG'=£Oa 

Now it is obvious from the figure that the only positive 
angles which have the same cosine as -4 are 360°— A, and 
the angles formed by adding any multiple of four right 
angles to A or to 360*— .4 ; that is, angles included in the 
expressions n360°+-4 and n360°+360°--4, where n is zero 
or any positive integer. Also the only negative angles which 
have the same cosine as A are — A and -(360°-^), and 
the angles formed by adding to these any multiple of four 
right angles taken negatively ; that is, angles included in 
the expressions w36(r--4, and w360°-(360°--4), where 
n is zero or any negative integer. 

All the angles which have been indicated will be found 
on trial to De included in the expression n36Q°±A t 
where n is zero or any integer positive or negative. Also 
all the angles included in this expression will be found 
among the angles which have been indicated. 
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Thus this expression includes all the angles which have 
the same cosine as A ; and all the angles which it includes 
have the same cosine as A. This expression also applies 
for all the angles which have the same secant as A. 

169. To find an expression for all the angles which 
have a given tangent. 




Let BOG be the least positive angle which has the 
given tangent; denote this angle by A. Produce -BO to 
any point 2P, and CO to any point C. 

Now it is obvious from the figure that the only positive 
angles which have the same tangent as A are 180° +-4, 
and the angles formed by adding any multiple of four 
right angles to A or to 180° + -4; that is angles included 
in the expressions w360°+-4 and 71360*+ 180° +A, where n 
is zero or anv positive integer. Also the only negative 
angles which have the same tangent as A are -(180° -A) 
and -(360°— A), and the angles formed by adding to these 
any multiple of four right angles taken negatively ; that is, 
angles included in the expressions w36(r-(180°--4) and 
n360°— (360°— A), where n is zero or any negative integer. 

All the angles which have been indicated will be found 
on trial to be included in the expression nl80°+-4, 
where n is zero or any integer positive or negative. Also 
all the angles included in this expression will be found 
among the angles which have been indicated. 

Thus this expression includes all the angles which have 
the same tangent as A ; and all the angles which it includes 
have the same tangent as A. This expression also applies 
for all the angles which have the same cotangent as A. 
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Examples. XVIII. 

Give the general Solutions of the following eight equa- 
tions: 

I. sin-4 = -. 2. cos-4 = -. 3. tan-4 = >J3. 

2 Z 

4. cosec-4 = l. 6. sec-4 = -l. 6. cot-4 = 2- N /3. 
7. 8in-4+cosec-4=2. 8. sin 2-4= cos 3-4. 

9. Shew that the length of the straight line drawn to 

bisect the angle A of a triangle and terminated by tho 

., ., . 2fccos£-4 
opposite side is — t — — . 

10. The angle C of a triangle is a right angle. Shew 
that the radius of the inscribed circle is equal to 

|{« + &-V(« s +6*)}. 

II. Shew that the radius of a circle which passes 
through the vertex A of a triangle, and touches the side 
BC at its middle point is 

2(6 2 +cVa 2 
8b sin C * 

12. P, Q, and B are points in the sides EC, CA, and 
AB respectively of a triangle, such that 

BP _CQ_AR _ 
BG"CA"AB" X: 

shew that PQ 2 +Q J R , +i2P 2 =(a 2 +J 2 +c2) (1-3^+3^). 
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XIX. Trigonometrical Ratios of two angles. 

170. The object of the present Chapter is to express 
the Trigonometrical Ratios of the sum or difference of two 
angles in terms of the Trigonometrical Ratios of the angles 
themselves. 

171. To express the sine of the sum of two angles in 
terms of the sines and cosines of the angles themselves. 




Let the angle COD be denoted by A, and the angle 
DOE by B; then the angle COE will be denoted by 
A+B. 

In OE take any point P, draw PM perpendicular to 
0(7, and PN perpendicular to OD ; draw JVR perpendi- 
cular to PM, and NQ perpendicular to OC. 

Then the angle NPR is the complement of PNR, and 
is therefore equal to RNO, which is equal to NOQ or A. 

xt • i a . x* PM RM+PR NQ PR 
Nowsm(A^-B) = ^ F = 0p =Qp + 0P 

_ NQ ON PR PN 
"ON' OP* PN' OP 

=sin-4 cos B +cos-4 sin B. 
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172. To express the cosine of the sum of two angles 
in terms of the sines and cosines of the angles themselves. 




The same construction being made as in the preceding 
Article, we have 

cos^+^-OP- OP -OP'OP 
_OQ ONNR NP 
"ON 'OP NP'OP 
= cosA cos B- Bin A sin 2?. 

173. To express the sine of the difference of two 
angles in terms of the sines and cosines of the angles 
themselves. 



I 



Ni 


/ 1 


ft 


\ 


> 


<* 


< 


I * 


L 



Let the angle COD be denoted by A, and the angle 
DOE by B ; then the angle COE will be denoted by A -B. 

In OE take any point P, draw PM perpendicular to 
OC, and PN perpendicular to OD ; draw NR perpen- 
dicular to MP produced, and NQ perpendicular to OC. 
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Then the angle NPR is the complement of PNR, and 
is therefore equal to DNR, which is equal to NOQ or A. 

w . tA m PJf RM-RP NQ RP 
V<mwm(£-B)=- Up = Qp =oPOP 

NQ ONRP PN 
^ON'OP PN'OP 

= sin -4 cos B - cos -4 sin B. 

174. 7b express the cosine of the difference of two 
angles in terms of the sines and cosines of the angles 
themselves. 

The same construction being made as in the preceding 
Article we have 

cwU B)- 0M - 0Q + QM 0Q . NR 
cos^i *)- 0p - Qp -qp+OP 

_0Q ON NR PN 
~0N' OP* PN* OP 

= co& A oo% B+ sol A &ulB. 

175. To assist the student in remembering the pre- 
ceding demonstrations, we may observe that the point P is 
taken in the straight line which bounds the compound angle 
we are considering; thus in demonstrating the formulae for 
sin (.4 + 2?) and cos (A + B) the point P is taken in the 
straight line which bounds the angle A + B, and in demon- 
strating the formulae for sin (A—B) and cos(A-B) the 
point P is taken in the straight line which bounds the 
angle .4 -2?. 

176. The formuhe established in Arts. 171. ..174 are 
true whatever may be the size of the angles A and B ; the 
student may exercise himself by going through the con- 
struction and demonstration in various cases; it will be 
found that the only variety which occurs in the construction 
consists in the circumstance that the perpendiculars in 
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some cases fall on certain straight lines and in other cases 
fall on those straight lines produced. 

177. We will for example demonstrate the formulae 
of Arts. 173, 174, for the case in which the angle A is 
greater than a right angle, while B is less than a right 
angle, and A -B is less than a right angle. 




Let the angle COD be denoted by A, and the angle 
DOB by B ; then the angle COB will be denoted by 
A-B. 

In OB take any point P, draw PM perpendicular to 
OC and PN perpendicular to OD ; draw NR perpen- 
dicular to MP and NQ perpendicular to CO produced 

Then the angle NPR is the complement of PNR 9 and 
is therefore equal to RNO, which is equal to 180°— -4. 
Then 



. fA DN PM RM+PR NQ PR 



OP + OP 



_ NQ ON PR PN 
"ON' OP PN' OP 

^sin(180°-^[)cosJ5+cos(180 -^[)sin5 
= sin .4 cos 2? -cos .4 sin 2?, by Art 95. 
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And cos {A— B) 

J)M MQ-OQ NR OQ 
OP OP " OP OP 

NR PN OQ ON 
PN'OP ON' OP 

= sin(180°-.4) sin B-coa(180°-A) cos B 

= sin ^4 sin 2?+ cos ^4 cos 2?, by Art 95. 

178. By examining in this manner the various cases 
which can occur, the student may convince himself that the 
formulae of Arts. 171... 174 are universally true. Another 
mode of demonstration will be found in the larger work on 
Trigonometry, Art 80. 

We now proceed to express the tangent and cotangent of 
a compound angle in terms of the tangents and cotangents 
of the single angles. 

179. T m (A + W=™g±% 

v ' cos (-4 +2?) 

_ sin ^4 cos 2?+ cob ^4 sin 27 # 
~" cos -4 cos 27 -sin -4 sin 27 ' 

divide both numerator and denominator of the last ex- 
pression by cos A cos -5; thus we obtain 

s'mA sin 2? 
cos ,4 cos 27 
sin-4 sin^' 



cos-4 cos -5 

., - * «/^ . d\ tan.4 + tan2? 

therefore tan (A + B) - - — 2 tl — 5 • 

v ' l-tan,4tan27 
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180. Tm(A-B) 

_ sin(A--B) _ 8inAcosB—cosA sinB 
cos(A-B) ~ cos A cos B+funAsinB 

sin A sin 2? 

cosA~~ cosB _ tan^-tanl? 
*" Bin A sin 2? *""! + tan ,4 tan 2?' 
cos-4 cosB 

181. Cot (A +B) 

_ cos(A +B) cos A cosl?-8in,4 sin B 
~~ sin (A + B) ~~ sin A cos B + cob A sin B 

cosA cosB 

s\nA s\nB cot A cot 1?-1 

~" cos^ cosjg ~ cot-4+coti? 
sin ^4 sin 2? 

182. Cot (A -B) 

_ cos(A — B) cos Acqs B+ sin A sin B 
~sin(A—B)~sinAcosB—cosABwB 

cosA eosB 

sin A sin 2? _ cot ,4 cot 2?+ 1 
~" cos2? cos ,4 ~" cot2*— cot-4 
sin2? sin-4 

183. We may give other forms to these expressions. 
For example, 

1 l-tan-4tan# 



cot(A+B)= 
cot(A-B)= 



tan(^+^) tan^+tanJ? ' 

1 1+tan^tan^ 

tan(-4-.B) tan-4-tanJ3* 
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184 Some important formulae are deducible from those 
already given by supposing B=A. 

Write B=A in Art. 171 ; thus 

sin 2A — 2 sin A cos A. 

Write B=*A in Art. 172; thus 

cos 2 A = cosl4 — sinl4 

= l-2sinl4 

or =2cosl4 — 1. 

Thus 1 + cos 2A = 2 cosl4, 

1 — cos 2A = 2 sin 9 -4, 

, 1 -cos 2-4 . - . , sin 2-4 ._ . , 

l + cos2-4 ' l + cos2-4 

And since shr\4 + cos 2 -4 = 1 we have 
. n . 2sin-4cos-4 
cos 9 -4 + sin 2 -4 ' 

divide both numerator and denominator of the last ex- 
pression by cosl4 ; thus 

. _ . 2 tan -4 

«. ., , ^ - cos 1 A— sin 1 -4 1— tan 2 .4 
Similarly ™*A= ^A + *m*A =T^^A* 

In Art. 179 put B=A ; thus 

, ^ . 2 tan .4 
tan 2-4=; 



1-tanM 



and this result may also be deduced from the values of 
sin 2-4 and cos 2A just given. 



In Art. 181, put B=A ; thus 

cot" 1 cot2A " 1 
cot 2A- 2cQtA 



10 

d by Google 



146 EXAMPLES. XIX. 



Examples. XIX. 



1. Iftan^=| and tani?=7, find tan(-4+J9). 

o 

2. Htan^=-^andtan2?=-jjg, find 

8in(^+^). 

3. If tan £= ^4jg£ Bhew that tan J, tan B y and 

sin (,4 + 0; 

tan (7 are in Harmonica! Progression. 

4. If tan-4=a and tanJB=6, find cos2(-4+-5) and 
sin2(4+£). 

5. Ifcos(-4-2J)=nsin(-4+2?), shew that 

tan (46°+^)=^ tan (46°- B). 

6. Ifsin-4=-^ andsm^-^ + g-^, find 

coa(A+B). 

24 

7. Given tan 2A =y , find sin-4. 

8. If tan£4=2tan2? and tan (7= tan 8 J, shew that 
tan(JB-C)~tan-4. 

9. Ifcos^=^^andcosJ5= £ ^ 2? ,findcos(^+^). 
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10. If tan A = tan 1 B, then 2 tan 2-4 = sin 25 tan 2B. 

11. Given sin -4 -cos .4==-^ cos l°~^sin 1°, find 
the number of degrees in the smallest possible value of A. 

12. If tan2?+cot2?=2sec£4, shew that one value 
of-4 + -Bis45°. 

13. Shew that sec 2A -tan 2-4 = tan (45°--4). 

14. If cot B-2 cot 22?ssec 2A -tan £4, shew that one 
value of -4 + J? is 46°. 

15. If p BmA=qsmB and r cos A=8 cos 2?, then 

K ' qr+ps * v ' qrwp$ 

Demonstrate the following ten identities : 

sin 2.4 cos ,4 _, A 
16# r+cos23'l + cos^~ tan 2 * 

17. sm8^ = 8sin.4cos.4co8 2,4cos4,4. 

18. (sm-4-sm5) t +(co*4-cos-B)*=2ver8(-4---ff). 

19. 2co8ec4^+2cot44=cot-4-tan.4. 

20. 2 sin 2-4 — sin 4^4 =4 sin 2-4 sinl4. 

21. cot f -4 - tanl4 =4 cot 2^4 cosec 2A. 

22. 2-2tan.4cot£4=secl4. 

23. 8ec , (^+46°)-sec f (^-45 )=4tan2^sec2^. 

24. tan-4 + cot2-4=co8©c2-4. 

25. tan(45°+-4)-tan(45°--4) = 2tan2.4. 

10—2 
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XX. Trigonometrical Transformations. 



185. From the formulre of the preceding Chapter 
others may be derived ; and by the aid of all the results we 
can change Trigonometrical expressions into various forms. 
The use of such transformations becomes apparent as the 
student advances in Mathematics, and even at present he 
will find valuable exercise in them. 

186. The product of sin {A + B) and sin {A - B) takes a 
remarkable form. 

8m(A+B)am(A-B) 
= (sin A cos B+ cos A sin B) (sin A cos 2?— cos -4 sin B) 
= sinl4 coslB - cosl4 sin 2 2? 
=suA4 (l-smlB)--(l-sinl4)sin 2 J? 
= sinl4 — sin 1 !?. 
This may also be put in the form co&*B-~cos*A. 

187. Also 

cos (A+ B)cob(A-<-B) 
= (cos A cos B~~ sin A sin B) (cos A cos 2?+ sin A sin B) 
=cosl4 coslB— sinM sin'2? 
= cosl4 (1 - em*B) - (1 - cosU) sin 2 jB 
=cos 2 -4— sin 2 2? 
=cos 2 2?— sin"-4. 
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188. From the four fundamental formulae of Chapter 
xu. we have 

sin {A + i?)+sin (A-B)=2 emAcoaB, 
sw(A+B)-sm(A-B)=2co8A*mB, 
cob(A+B)+cos(A-B)=2cobAco8B, 
co%(A-B)-ca&(A + B)=2BmAamB. 

JjetA+B=C,mdA-B=D; therefore 
aJU£. B^: thus 
sin C+sinZ>=2sto%?co8^=^ , 
sinC7— 8inZ>=2cos — - — sin — - — , 

It 2i 

cobC , +cosZ>=2co8— 5— cos ^-=— , 
2 2 

n •* « • #+£> . C-D 

cos x>- cos (7=2 sin— 77— sm — - — . 



The last four formulae are useful in converting a sum or 
difference into the form of a product of factors. Thus, for 
example, by the first of the last four formulae the sum of 
two sines is converted into twice the product of a sine and 
cosine. 



The first four formulae are useful in converting a pro- 
duct into the form of a sum or difference. Thus, for ex- 
ample, by the last of the first four formulae we see that 
the product of two sines is equal to half the cosine of the 
difference of the two angles diminished by half the cosine 
of their sum. 
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0aiw% A + B_A-B 
1M BmA + smB 28111-^-008-^- 

189 - b^A^bWB = A + JJ : ^- J & ( Art188 ) 

2008-^— sin-^— 

. ^4+5 ,A-B 
-tan-^-oot-^- 

. -4 + 5 
tan 



2 



tan 



lqn COS^+COS* 2008-^008^- 

19 °- c-o^^b73 = 9 : A+b . ^,^ (Art. 188) 
2 sin — g— sin— — 



.^4+i? .A-B 

= C0t— 7i COt — zz , 



191. tan^+tan5 = 8 J54 + 8 -Hi| 

cos-4 cos-8 

_ sin^cosl?+co8^sinl? 
cos A cobB 

_ am(A + B) 
cobAcobB' 

Similarly tan^-tanjg= Bin( ^-^ . 

* COB A COB B 

192. tan^ -hcot^ = ^ + ^4 = *™* A +<***? 

cob A sm A sin ^4 cos ^1 

1 2 2 



" sul4cos-4 2siiL4co&4 sin2^ 
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i. a x a cos-4 8in«4 

193. cot.l-tan^^-^ 

cos 8 A - sin a .4 _ cos 2 A 
™ sin -4 cos J. ~~sin-4cos<4 

2 cos 2-4 2 cos 2A n . njl 
2sin-4cos-4 sin £4 

194. By repeated applications of the formulae in Chap- 
ter xk, we can obtain expressions for the Trigonometrical 
Ratios of a composite angle made up of any number of 
simple angles connected by the signs + and — . For 
example, 

sin {A +B+ C)=sin (A +B) cos C+cos (A +B) sin C 

= sin A cos B cob C + sin B cos C cos A 

+BmCcosAcoBB— sin A sin B sin C. 

coa(A+B+C)=coB(A+B)co8C-Bm(A+B)fiwC; 

=cobA cos 2? cos C-cos Can A sin B 

-coaBsmABmC-ca&ABJnBBMC. 

* ,a n six an(A+B+C) 

substitute the expressions just found for sin(-4+2?+C) 
and cos (A + B+ C) ; and then divide both numerator and 
denominator by cos A cos B cos C; thus we obtain 

^ x tan^+tan^+tanC-tan^tan^tan(7 
tan(^+^+C7)- 1 _ t ^ 5t ^ c _ t ^^ t ^^ -ten ^ taiLfl - 

195. The particular case of the formulae in the pre- 
ceding Article in which C=B=A should be noticed. Thus 
we obtain 

sin ZA = 3 sin A cos 2 A -sin 3 A 

= 3 sin A (1 - sinM) - sin 8 A 

= 3sin-4-4sin 8 -4; 

s 
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cos ZA = cos 3 A — 3 cos A sin 2 A 

=cosM-3co8-4 (l-cos 2 -4) 
=4008* -4-3 cos A; 
3 tan A— tan 8 -4 



tan 3.4=- 



l-3tanM 



196. When angles are connected by a relation we often 
find some simple relation connecting some of their Trigo- 
nometrical Ratios. We will take for example the case in 
which there are three angles, the snm of which is equal to 
180°; this relation holds for the angles of a triangle. 

If A +B+ C=180°, then will 

ABC 
sin A + sin B + sin C= 4 cos -$ cos ^cos- . 

+> & & 

For sin A + sin 2?=2 sin — =— cos — ^— (Art. 188) 
=2sinf90°-i}cos^? 



l ( 90 °-?> 



o O A-B 
=2 cos- cos — g— ; 

sin (7 =2 sin -- cos- 
2 2 



=2cos-cos(90°- ^j 



=2cos£cos^ +i? 



2 ~" 2 



d by Google 



TRANSFORMATIONS. 153 

therefore sin A + sin B + sin O 

= 2 COS- -(COS — = — +COS — - — > 



Of 



=2 cos ^2 cos 4 cos f (Art 188) 

a ABC 
=4 cos — cos — cos — . 

& * Z 

Again, if A + B + tf= 180°, then will 

-4 



For 



cot — 


+cot 2 ! 


C08 ¥ 












*•* 

cot- 


+ cotf= 


5 C 

COS- COS- 

Bm 2 8m 2 










. 


D 

cos - sin ^ + sin 


5 

i-COS 


2 






. B . 

sin g sin 


d 

2 










. 5 + C7 

sm 












tl71) 








i? tf^ 








sin -sin- 












sin (^-^ 

— TFT 7T 

Bin g sin - 


COS 


^1 
2 






sin- 
2 


sin 


2 
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Similarly if A + B + (7= 180°, then 

, B . C «*T 

tan 2 +tan 2=— 5 — 5' 
cos-cos^ 

197. The solution of equations involving Trigonometri- 
cal Ratios is facilitated by transformations of the kind 
given in the present Chapter. For example ; required to 
find the value of the angle A from the equation 

sin 7 A —sin A =sin3X 

By Art. 188, 

sin *JA -sin -4 =2sin3-4 cos 4^4 ; 

thus we have the equation 

2 sin ZA cos 4^4 = sin 3.4 ; 

therefore either 

sin 3.4 = 0, 

or cos4^ = -. 

J* 

The former gives as the simplest solution 3.4=0, and 
for the general solution ZA=n 180°. 

The latter gives as the simplest solution 4^4 = 60°, and 
for the general solution 4A=n 360°=*= 60°. 

See Chapter xvin. 
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Examples. XX 

Demonstrate the following thirty identities : 
. sin3^ + sin^ . A 

*mA+«ULZA 

n sin 5A —sin 3A . A A 
cos 3^4 -cos 5^4 

a sin 2 ^4- sin 8 jg * a «/^. m 

4 ' sin^cos^-sin^cos^ ^^- 1 -^ 

5. cos 2 2A -cos 2 3-4 = sin A sin 5.4. 

6. sin Aam(A +25) -sin 5 sin (2-4 +-S)=sinl4 -sinlS. 

8m^sin(^ + ffl-fsin(^2ffl =tan ^ 
1 cos-4+cos(-4+5)+cos(-4+2-S) v 

8. 2cos(n-l)-4cos-4-cos(w-2)-4=cos»^. 

= sin ^4 -cos 2?. 
10. (l+cot-4+cosec.4)(l-fcot-4-cosec.4) 
=cot--tan-. 

tan 3/1 2cos2^ + l 



11. 



tan-4 2cos2^-l* 
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12. sin 3-4 - cos 3-4 = (sin A + cos-4)(4sin-4 cos A — 1). 

,. . „ sin (A — B) — sin B .A D 

13. sin 5+ — ^ '—. =tan— cosi?. 

1 + cos A 2 

14. 2sec(-4+-B)(cosM-sin 2 5) 

= (sin 2 A + sin 22?) cosec (A + B). 

15. 2 sin — cos — cos 2-4 - 2 sin -4 cos -4 cos 3-4 

=sin.4. 

16. 2 (cos 8 -4 -sin 8 -4)=cos 2-4 (1 +cos 2 2.4). 

17. sin(34+-B)sin(3^-^-sin(^ + ^sin(-4--B) 

= sin 4-4 sin 2A. 

18. {cos(-4 + 5)+sin(-4--B)}{sin(-4+5)+cos(-4--B)} 

=cos22?(l + sin2-4). 

3 sin A -sin 3-4 = / sec 2-4 - l \f 
3cos-4 + cos3-4 \sec2-4 + l/ ' 

20. (cos-4-sin-4)(cos2-4- sin 2A) + sin 3-4= cos -4. 

21. (3sin-4-4sinM) 2 +(4cos 8 ^-3cos^) a =l. 

22. l-cos3-4 = (l-cos-4)(l + 2cos-4) a . 

-4 -4 

23. tan— +2 sin 2 — cot -4 = sin -4. 

2 ^ 

-4 -4 

24. cos-4-sin -4tan — =cos2-4 + sin2^ tan — . 

2 cos 2^4 2 si n 2^4 _ J2 

cos-4 + sin-4 cos A — sin -4 ~~ cos (A + 45°)" 
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26. coB(A+B-C) + coa(A-B+C)+coB(B+C-A) 

+C08(A+B+C)=4co8AcoaBcoaC. 

27. coa a + coa y + cos z+ cos (a: +y+z) 

%+y y+z ^ z+x 
=4 cos -^ cos y — cos — . 

28. sin(^ + 5-(7) + sin(^ + (7-5) + sin(-S + (7-^) 

-sin (^ + -S+ (7)=4 sin-4 sin -Ssin (7. 

29. sin#+siny+sin;2r-sin(#+y+;s) 

A . %+y . y+* . z+x 
=4sin-^sin^-sm — . 

30. sin(^l+5+C) + sin(5+C r -^) + sin(^ + C r - J B) 

-sin(^+-S-(7)c=4sin(7cos-4cos-S. 

If -4 + 2? +(7= 180° demonstrate the following five re- 
lations : 

31. sin %A +sin2Z?-sin2C7=4sin Ccos A cos 2?. 

0rt . A B-C . B C-A , . (7 -4-5 

32. sin — cos— ^ — + sui— cos— g — + sin-cos — ^ — 

■= cos ^4 + cos B + cos C7. 

33. sinl4 + sin 2 5+sin 2 <7 

= 2 sin 5 sin (7cos ,4 + 2 sin-4 sin 17 cos 2? + 2 sin -4 sin 2? cos (7. 

„. 1— cos -4 + cos 2?+ cos (7 , A ± C 
34 ' l~cos(7 + cos^ + cos^ =tan 2 Cot 2' 

35. sin 25 (1 + 2 cos 2(7) + sin 2(7(1 + 2 cos 2-4) 
+ sin2-4(l + 2cos22?> 
. =4 sin ((7- 5) sin (^4 -(7) sin (5-^4). 
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Solve the following five equations : 

36. sin #+ cob 20=1. 

37. tan x= tan 4a. 

38. sin9#+sin5#+2sin , #=l. 

39. sin 5a cos Zx = sin 9x cog 7x. 

40. cosa#cofl6#=cos(a+c)#co8 (& + <?) a?. 

41. Iftan-4=2, tanJ9=3, tantf-2+^3, 
find tan (A+B-C). 

42. Iftan-4 = j, tan^=i, tanC=g, tan2>=|, 

taa£=~, shewthattan(-4+.B+C+Z>+j0)=l. 
56 

43. lf2S=A+B+C, shew that 

S S-A S-BS-0 
008 2 C08 ~2~ CO8 ~2~ C08 ~2~ 

. 8 . S-A . S-B.S-C 
+ Bm 2 8m ~2~ 8m ~2~ m "T" 

^4 # C 

^COS^COSgCOSg. 

44. If 2£=-4 +-B+ C, shew that 
cn 9 S+co*(S-A)+QQ#{/8-B)+QQ#(/8- C) 

=2+2cosJ cosUcosC. 

45. If vers -4 =#, vers £=&#, vers (7= 1 - fc, and 
^+#=(7, find x. 
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Demonstrate the following ten identities : 

46. cos^ + co8-5+cos(J + (7)+cos(.B+C') 

A+B+C C B-A 
= 4cos - cos-cos -g— . 

47. tan— -tan— -tan— =tan — tan -= tan -=■ . 

A 6 O zoo 

48. Bia*{B-A)+Bm*(B-A + C) 

-2nn(B-A)Bia(B-A + C)(toaC=sm 2 C. 

49. 4cos3-4sin 8 (60°--4)-4sin3^cog 8 (60°--4) 

=3sin(60°-44). 

50. cos A +cos (72°-.4)+cos (72°+.4)+cos (144°-^) 
+ cos(144°+^)=0. 

51. l+cos(-4--B)+cos(-B-C7)+cos(C7--4) 

A A-B B-GC-A 
=4cos— — cos — g- cos -g— . 

52. sin(^--B)+sin(5-C)+sin((7-^[) 

, . JS-^ . C-B „._ A-C 
= 4sin — — sin— ^— sin -^— . 

53. sin3(^-15 ) 

= 4 cos (A - 45°) cos (A + 15°) sin (^ - 15"). 

sin(2^-^-Q) sin (2^-^-0) 

54# smC^-^sm^-CVsmC^-^sinGB-C') 

. sin(2C7-^-^) _ 
+ sin((7-^)sin((7-5) v# 

cos(2J-l?-C) cos(2^-^-C) 

sin^-^sin^-CT) sin(5-^)sin(-B-(7) 



55. 



cos(2C-^-^) 

+ sin(C7-^)sin((7-^)" * 
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XXI. Division of Angles. 

19a By Art 184> we have 

A A 

008-4=2008"— -l = l-2sin 2 — ; 

At A 

. . A . /l-cos.4 A /1+cobA 
hence an -2 = *^/— ^— , 008-=*^— ^ 



These formulae serve to determine the sine and the cosine 
of half an angle, when the cosine of the angle is given. 
It will be seen that by reason of the doable sign we have 

two values for sin — and two values for cos — correspond- 

ing to a given value of cos A. 

199. The reason why there is more than one value for 

A A 

sin — and cos — , corresponding to a given value of cos A } 

is that corresponding to a given value of the cosine there is 
more than one value of the angle. 

Thus suppose that the angle COD has its cosine equal 
to cos A, then an angle equal to four right angles di- 




minished by COD also has its cosine equal to cos A ; this 



♦ 
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angle is denoted in the figure by the larger angle bounded 
by OC and OD'. If we take COD for A, then £ A is the 
angle GOP, where OP is such that COP = POD. If we 
take for A the larger angle bounded by OC and OD*, then 
$A is the angle COP 7 , where OF is such that COP* = P'Oi^. 
Also the angle measured in the negative direction between 
OC and OD', that is the angle COD has its cosine equal 
to cos A. If we take COD for A, then J A is the angle 
COP", where OP" is such that COP"=P"OD'. 

It is easy to see on examining the figure that COP* is 
the supplement of COP, and that 01" and OP" are in the 
same straight line. Hence it follows that the sines of 
COP, COP" and COP" are numerically equal but have not 
all the same sign ; so also the cosines of COP, COP' and 
COP" are numerically equal but have not all the same sign. 

If any of the angles which we have taken for A be in- 
creased by any multiple of four right angles, we shall ob- 
tain an angle which has its cosine equal to cos A ; it will 
be found on examining the figure that the sine and the 
cosine of half such an angle will coincide respectively with 
the sine and the cosine of one of the angles which we have 
already taken for \ A. 

Thus we have accounted for the fact that sin — and 

2» 

cos — when expressed in terms of cos A have each two 
values numerically equal but of opposite signs. 

200. By assuming the result obtained in Art. 168 we 
can put the preceding explanation into a briefer form. 

All the angles which are comprised in the expression 
n360°±-4, where n is any integer, positive or negative, 
have the same cosine as A. Hence we may expect that any 

formula which gives sin — in terms of cos A will include 

the sine of every angle which is comprised in the ex- 
pression £ (n 360° ±-4), that is in the expression nl80°±$A. 
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Now sm(nl80 f ±^i)=sin(=fc£-4) if nbeeven, 

and= — ffln(±4-4) if n be odd. 

And thus, by Art 159, we have the two values ±sm£-4, 
and no more. 

Similarly we may expect that any formula which gives 
cos — in terms of cos A will include the cosine of every 
angle comprised in the expression n 18(f±$A. 

Now cos (n 180°±i A) =cos (±i-4) if n be even, 

and= -cos(±i^) if n be odd. 

And thus, by Art 159, we have the two values =*= cos £ -4, 
and no more. 



201. If in any case we actually know the value of A we 
know also the value of \A ; and then we can settle which 
sign we ought to take in the formula for em^A, and 
which sign we ought to take in the formula for cos £ A. 
And even if we do not know the exact value of A we may 
know sufficient to enable us to make this selection; for 
example, if we know that A lies between 90° and 180°, then 
we know that \A lies between 45° and 90°, and the positive 
sign must be taken in both the formulae of Art 19a 

202. Remarks similar to those which have been made 
in the last three Articles will be found applicable also 
to numerous other results in Trigonometry in which the 
double sign occurs ; for examples we may mention the 
remaining results of the present Chapter, or the result 
sin A — =** J 1- cos* A, and others of the same kind. We 
shall however not enlarge on this point, for we have given 
enough to illustrate the general principle ; more applications 
will be found in Chapter vn. of the larger Trigonometry. 
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203. By Art 184 

• A o A A 
sin A = 2 sin — cos — ; 

A It 

A A 

and 1 = sin 2 — + cos 2 - ; 

(A A\* 

sin — +C08 — J = l + sinJ, 

/ . A A\* , . A 

and (sin — -cos— J =1 -sin -4; 

therefore sin— +cos — = ± a/( l+sin-dj (IX 

and sin— -cos-2 = ab A/fl-sin- 4 ) ( 2 )« 

Thus as soon as the proper signs are known in (1) and (2) 
we can by addition and subtraction find expressions for 

sin— and cos - in terms of sin ^4. 

Let us take the case in which A is an acute angle, then 

A A A 

— lies between 0° and 45° ; thus sin — and cos — are both 

Z z z 

A A 

positive, and cos — is greater than sin — . We must there- 
is z> 

fore take the upper sign in (1) and the lower sign in (2), so 

that 

A A 

sin — + cos "2=n/(1 + «in A\ 



A A 

sin — -cos ^ = -^(l-sin-4) ; 



11—2 
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therefore 2sin — = N /(l+sin^)- N /(l— sin-4), 

A 

and 2 cos — =„/(l+sin A) +J(1 -sin A). 

204. As an example of the formulae of the preceding' 
Article we will find the sine and the cosine of an angle of 9*. 

2 sin 9° = „/(l + sin 18°) - „/(l - sin 18°), 

2 cos 9°= ^(1 + sin 18°) + ^(1 -sin 18°) ; 

1 + 8inl8 o = 1 + ^ = 3+^5 
4 4 

4 4 

Thus sin 9°=^ W(3 + ^5)- ^(5- ^5)1 , 

and cos 9°=^ j ^(3+ ^5)+ ^(5- ^5)1 . 

205. By Art 195 we have 

A A 

cos A =4 cos 3 - —3 cos — , 

3 o 

sin A =3 sin — —4 sin 3 — . 
o o 

Jl 
Thus if cos A be given and we require cos — we have to 

o 
solve a cubic equation; and similarly if sin A be given 

and we require sin — we have to solve a cubic equation. 
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Examples. XXI. 

1. Find the cosine of llj°. 

2. If A be between 90° and 180°, shew that 

A 

2 sin — = ^(1 + sin A) + ^/(l - sin A). 

3. If sin 224° = - '69, write down the value of sin 112°. 

4. Shew that tan 4 =* a f\^*A . Explain the 

2 'V l + cos-4 r 

doable sign. 

5. Shew that sin A when expressed in terms of sin^ 
has two equal values of opposite signs; and that cos -4 
when expressed in terms of cos — has only one value : and 
give a geometrical illustration. 

6. Shew that 

cot (45 - ^Vcot(45°+ ^) = 2tan^. 

7. Shew that 

sin 5 A cosec 2 A sec A — cos 5 A sec? A cosec A = 8 cot 2 A. 

8. Shew that 

cos-4 l + cos.4 _ , _ A ± A 
=2 cot 2A cot— . 



l-cosA'-^AT"^^^^ 

9. If a sin &+ b cos 0=c=acosec + b sec 0, 
shew that (a? - 2$) va?+&8 = c. 

10. If 

sin0 + sin<£=wt, cos0+cos#=n, andcos(0+<£)=p, 

shew that -i = \^. 

n 2 1 +jt? 
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XXII. Circular Measure. 



206. In practice angles are always estimated by means 
of degrees, minutes and seconds; but there is another 
method of estimating angles which is very important in 
theory, which we will now explain. The object of the 
present Chapter is to establish and apply the following 
proposition : If with the point of intersection of any two 
straight lines as centre a circle be described with any 
radius, then the angle contained by the straight lines may 
be measured by thf ratio which the length of the arc of 
the circle intercepted between the straight lines bears to 
the radius. 

207. The circumferences of circles vary as their radii. 

If a regular polygon of any number of sides be inscribed 
in a circle, and a regular polygon of the same number of sides 
be inscribed in another circle, the perimeters of the polygons 
are as the radii of the circles. See Art. 138. This is true 
however great be the number of the sides ; and we may 
assume that by making the number of sides as large as 
we please the perimeters of the polygons will not differ 
sensibly from the perimeters of the corresponding circles. 

For a fuller exhibition of this demonstration the stu- 
dent may consult Chapter II. of the larger work on Trigo- 
nometry. 

208. Thus the ratio of the circumference of a circle to 
its radius is constant whatever be the magnitude of the 
circle ; therefore of course the ratio of the circumference 
to the diameter is also constant. The numerical value of 
the ratio of the circumference of a circle to its diameter 
cannot be stated exactly; but it is shewn in the larger 
work on Trigonometry that the ratio may be calculated to 
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any degree of approximation. The value is approximately 
equal to -— , and still more nearly equal to — ; the value 

/ llo 

correct to eight places of decimals is 3*14159265... 

The symbol «■ is invariably used to denote the ratio of 
the circumference of a circle to its diameter ; hence if r 
denote the radius of a circle its circumference is 27rr, where 

?r=314159265... 

209. The angle subtended at the centre of a circle by 
an arc which is equal in length to the radius is an in- 
variable angle. 




With centre and any radius OA describe a circle ; 
let AB be an arc of this circle equal in length to the 
radius. Then, since angles at the centre of a circle are 
proportional to the arcs on which they stand, 

angle AOB arc AB 

4 right angles "" circumference of the circle 

r = 1 . 

= 27TT 27T ' 

therefore angle AOB= 4 ^t&ngle* ^ 

Thus the angle AOB is a certain fraction of four right 
angles, which is constant, whatever may be the radius of 
the circle. 
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210. Since the angle subtended at the centre of a circle 
by an arc which is equal to the radius is an invariable 
angle it may be taken as the unit of angular measurement, 
and then any angle will be estimated by the ratio which it 
bears to this unit. 

Let A OC be any angle ; with as centre and any radius 
OA describe a circle; let AB be an arc of this circle equal 




in length to the radius ; let r denote the radius, and / the 
length of the arc A C 

Then, since angles at the centre of a circle are propor- 
tional to the arcs on which they stand, 

angle AOC = AC = I m 
angle^OS AB^r'' 

therefore angle AOC= - x angle AOB ; this result is true 

whatever the unit of angular measurement may be, the 
same unit of course being used for the two angles. If we 
take the angle AOB itself for the unit, then this angle must 
be denoted by unity ; 

thus angle AOC- - . 

e> r 

211. We have thus shewn that any angle may be 
estimated by a fraction which has for its numerator the 
arc which the angle intercepts on any circle having its 
centre at the angular point, and for its denominator the 
radius of that circle. And in this mode of estimating 
angles the unit, that is the angle denoted by unity, is the 
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angle in which the arc intercepted is equal to the radius. 
We have shewn that this angle is ng - aPg — : hence the 

number of degrees contained in the angle is — - , that is 

Zir 

180 

— . If we use the approximate value of ir given in Art. 208, 

180 

we shall find that — = 57-29577951...; this therefore 

7T 

is the number of degrees contained in the angle which is 
subtended at the centre of a circle by an arc equal to the 
radius. 

212. Thus there are two methods of forming an idea 
of the magnitude of an angle which is estimated by the 
fraction arc divided by radius. Suppose, for example, we 

3 
speak of the angle - : we may refer to the unit of angular 

measurement which is an angle containing about 57 degrees, 
and imagine three-fourths of this unit to be taken ; or 
without thinking about the unit at all, we may suppose that 
an angle is taken such that the arc subtending it is three- 
fourths of the corresponding radius. 

The fraction are divided by radius is called the cir- 
cular measure of an angle. Since, as we have already 
stated, this method of measuring angles is very much used 
in theoretical investigations, it is sometimes called the theo- 
retical method. 

213. If r denote the radius of a circle the circumference 
is 27rr ; hence the circular measure of four right angles is 

— , that is 2tt. The circular measure of two right angles 

is w ; the circular measure of one right angle is £ ; and the 

circular measure of n right angles is ~ , where n may be 
either integral or fractional. 
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214. We will now shew kow to connect the circular 
measure of any angle with the measure of the same angle 
in degrees. 

Let x denote the number of degrees in any angle, 6 the 
circular measure of the same angle. Since there are 180 

degrees in two right angles, — expresses the ratio of this 

loO 

angle to two right angles. And since ir is the circular 

A 

measure of two right angles, - also expresses the ratio of 

IT 

the angle to two right angles. 

Hence — = - : 

180 ir ' 

.. 1800 
thus x- , 

7T 

, A irx 

and B = ^-z . 

180 



215. For example, the circular measure of an angle of 

one degree is — , the circular measure of an angle of 
180 

three degrees is — -, that is ^ ; the circular measure of 

loO 60 

an angle of one minute is — — — ; the circular measure of 
an angle of one second is — r — — — — ; and so on. 

loO x oil x oO 

2 

Again, if the circular measure of an angle is - , the 

o 

2 180 
number of degrees contained in the angle is - . — ; that 

2 

is - of 57*29577951...; if the circular measure of an 

3 
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angle is 5, the number of degrees contained in the angle 

180 
is 5 . — , that is 5 x 57'29577951...; and so on. 

IT 

The student who intends to proceed to the higher parts 
of mathematics is recommended to pay particular attention 
to the points illustrated by these examples ; especially he 
should accustom himself to express readily in circular mea- 
sure an angle which is given in degrees. 

216. Similarly we may connect the circular measure of 
any angle with the measure of the same angle in grades. 

Let y denote the number of grades in any angle, 6 the 
circular measure of the same angle. Since there are 200 

grades in two right angles, -^ expresses the ratio of this 

angle to two right angles. And since it is the circular mea- 

sure of two right angles, - also expresses the ratio of the 

IT 

angle to two right angles. 

Hence ~r = - ; 

200 *•' 

., 2000 
thus y= , 

7T 

and 6=^- . 

200 

The number of grades in the angle which is the unit 

200 

of circular measure is — , that is 63*661977.... 

IT 
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Examples. XXII. 



Express the following three angles in circular measure : 

I. \ of a right angle. 2. 24° Ztf. 3. 50*. 

o 

Find the number of degrees in the following three angles 
which are expressed in circular measure : 

4. 2£. 5. -6. 6. '375. 

7. If the length of an arc of a circle which subtends 
3° at the centre be 6 feet, find the radius, and the length of 
an arc subtending 3 grades. 

8. Find the number of degrees in the angle subtended 
at the centre by an arc of 7 feet when the radius is 10 feet. 

9. The radius of a circle is 20 feet : determine the 
length of an arc which subtends an angle of 30° at the 
centre. 

10. The circular measure of the difference of the two 
acute angles of a right-angled triangle is — : express the 
two angles in degrees. 

II. The angles of a triangle are in Arithmetical 
Progression; and the circular measure of the Common 

Difference is - : determine the angles. 
•J 

12. Find the circular measure of the angle which is the 
difference of m degrees and n grades. 

13. Compare the angle o° V with the angle a?b\ 
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14. If n be any whole number, shew that — ■ of a right 

angle contains a whole number both of English minutes 
and of French minutes. 

15. What must be the unit angle if the sum of the 
measures of a degree and a grade is 1 ? 

16. An angle is made up of two parts, one containing 
a degrees and the other containing b grades : compare the 
angle with a right angle. 

17. If A + B + C= 180°, shew that 

tan A + tan jB+tan C=tan A tan 5 tan C. 

18. If the tangents of the three angles of a triangle be 
as the numbers 1, 2, 3, shew that they must be equal to 
1,2,3. 

19. Having given tan (o + 0>tan (a- B) = k } find sin 6. 

20. If cos A cos ZA = — , then sinl4 = - . 

18 6 

21. If COS($-2a) + COs(s-2/?) = COs(*-2y) + COS(*-2a), 

where *=a + /3+y+d, 
then t an a t an /5= tany tan 5. 

22. Shew that 

2 cos 5° 37' 30" = V[2 + Vi 2 + s/( 2 + V 2 )}]- 

C A 

23. If in a triangle 3 tan - = cot -=■ , shew that the sides 

are in Arithmetical Progression. 

24. The triangle in which 

6— 4cos^4 _ sin^4 
6— 4 cos O ~ sin* G 

is either isosceles, or such that the sides are in Arithmeti- 
cal Progression. 
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XXIII. Area of a Circle. 

217. The principal object of the present Chapter is to 
find an expression for the area of a circle ; we snail give 
some important preliminary propositions. 

218. If 3 be the circular measure of a positive an- 
gle less than a right angle, 6 is greater than sin & and less 
than tan 6. 




Let AOB be an angle less than a right angle, and let 
OB—OA ; from B draw BM perpendicular to OA and 
produce it to <7jso that MC=MB; draw BT at right 
angles to OB meeting OA produced at T, and join CT. 

Then the triangles MOC and MOB are equal in all 
respects, so that the angle 7*0(7= the angle TOB; there- 
fore the triangles TOG and TOB are equal in all respects, 
so that TCOla a right angle, and TC= TB. 

With centre O and radius OB describe an arc of a 
circle BAC; this will touch BT*t B and CTat C. 

Now we assume as an axiom that the straight line BC 
is less than the arc BAC; thus BM, the half of BC, is less 

than BA, the half of the arc BAC; therefore jnj is less 



d by Google 



AREA OF A CIRCLE. 175 

than ■ 7rs ; that is. the sine of AOB is less than the circular 
{J is * 

measure of AOB. 

Again, we assume as an axiom that the arc BACia less 
than the sum of the two exterior straight lines BT and 

TC; thus BA is less than BT; therefore -^ is less than 

BT 

jy~ ; that is, the circular measure of AOB is less than the 

tangent of AOB. 

Hence sind, 0, and tan are in ascending order of 
magnitude if be less than - . 

2 

219. The limit of — ^— when u indefinitely di- 
minished U unity. 

For sin 0, 0, and tan are in ascending order ; divide 

1 
by sin : therefore 1, -r—z , and 3 are in ascending 

J ' ■ ' sm ' cos ° 

order of magnitude. Thus -7—^ lies in value between 
^ sin0 

1 and ^ ; but when is zero, cos is unity : hence as 

CO8 ' J ' 

Q 

diminishes indefinitely -.— ^ approaches the limit unity. 

Therefore also ^- approaches the limit unity. And 
o 

tan sin 1 ,, .. ., - tan , ,, . . 
as —£- = — a- x — ■? , the limit of —r- when.0 is ln- 
cos0' 

definitely diminished is also unity. 

220. To find the area of a circle. 

Let r be the radius of a circle. Suppose a regular 
polygon of n sides described about the circle. Then the 
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circular measure of the angle which each side subtends at 
the centre of the circle is — ; and therefore, by Art. 139, 

the area of the polygon is nr 2 tan - . 

. IT 

. sm- 

Now nr 1 tan - = — — . 
n ir ir 

cos- - 
n n 

Suppose n to increase without limit, then the area of the 
polygon approximates continually to the area of the circle 
as the limit, and therefore the area of the circle will be 
equal to the limit of the above expression. 

But when n is indefinitely great 

sin- 
cos - = 1, — - = i . (Art. 219) 

n 

therefore the area of a circle of radius r=7^r , . 

221. To find the area of a sector of a circle. 

Let be the circular measure of the angle of the sector ; 
then, by Euclid vi. 33, 

area of se ctor _ 6_ m 
area of circle ~~ 2ir ' 

t^A 
therefore area of sector = nr* x — = — - , 

Thus the area of a sector is equal to half the product 
of the square of the radius into the circular measure of 
the angle. 

Since 9 is the circular measure of the angle the length 
of the arc of the sector is rO ; hence the area of a sector is 
equal to half the product of the length of the arc into the 
radius. 
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Examples. XXIII. 

1. With the angular points of an equilateral triangle 
as centres, and a radius equal to half the side, arcs are 
described touching each other : determine the area of the 
figure which they form. 

2. A chord of length r is placed in a circle of radius 
r: determine the areas of the two segments into which 
the chord divides the circle. 

3. A circle is described round a triangle the angles of 
which are 45°, 60°, and 75° respectively: determine the 
areas of the segments of the circle cut ofLby the sides. 

4. Two circles touch each other, and a common tan- 
gent is drawn. Supposing their radii to be r and 3r 
respectively, shew that the area of the curvilinear triangle 
bounded by the two circles and the common tangent is 

5. From the formula cos 0=1-2 sin 2 -, shew that 
cos is greater than 1 — — . 

6 # if ?°|— + — - has its least possible arithmetical 

COS u 

value, shew that 6 is greater than ^3-1. 

7. Shew by Arts. 104 and 188 that in any triangle 

C .G 

cos- sin- 

Bln __ cos-^- 

12 
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178 EXAMPLES. XXIII. 

8. The vertical angle of a triangle is 120°, and the dif- 

4 
ference of the sides is equal to x of the base : find the other 

angles. 

L sin 12° 50' =93465794, log 2 = '3010300. 

L sin 12° 51'- 9*3471336, log 3 = '4771213. 

9. One of the angles of a plane triangle is 60°, and the 
side opposite is to the difference of the two sides including 
it as 9 is to 2 : find the other angles. 

Zcos78°54' 10" =92843730, log 3 = '4771213, 

L cos 78° 54' 20" = 9*2842656. 

10. In a triangle a =19, 6-1, A-B=90°: find C. 
L tan 41° 59'= 99541834, log 3 = '4771213, 

L tan 42° =9'9544374. 

11. A person standing in the same plane with two ver- 
tical poles, and at a distance from the nearer equal to the 
distance a between them, sees their summits in the same 
direction. After walking in a straight horizontal line b feet 
towards the nearer pole he observes that the altitude of 
one summit is double that of the other. Determine the 
heights of the two summits. 

12. From the deck of a ship which is sailing due North 
a lighthouse is observed due East, and the altitude of its 
summit is found to be 12° 26'. After the ship has sailed 
ten miles the lighthouse is again observed, and its altitude 
is found to be 7° 17'. Find how far the lighthouse was dis- 
tant from the ship at the first observation. 

Zsin 5° 9' =8*9530996, Zsin 7° 17'= 91030373, 

L sin 19° 43'= 9-5281053, L sin 77°34'« 99896932, 

log71142= '8521261, log 71143= '8521322. 
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XXIV. Inverse Notation. 

222. The equation sin x=a asserts that x is an angle 
of which the sine is a ; it is found convenient to be able to 
express this relation also in another way, in which x stands 
alone. The notation used is this, ^=sin- 1 a. Similarly 
a = cos" 1 a expresses that x is an angle of which the cosine 
is a ; and #=tan -1 a expresses that x is an angle of which 
the tangent is a ; and so on. 

223. Any relation which has been established among 
Trigonometrical Ratios may be expressed by means of the 
inverse notation. Thus, for example, we know that 

cos 20=2 008*0-1; 
this may be written 

20=cos" 1 (2cos 2 0-l): 
suppose that cos 0= a, so that 0= cos* 1 a, 
thus 2 cos" 1 a = cos" x (2a* - 1). 

Again, we know that 

sin 20= 2 sin cos 0; 
this may be written 

20 = sin* 1 (2 sin cos 0) : 

suppose that sin0=a, so that 0=sin~ 1 a, and cos0= >Jl-a 2 9 



thus 2 sin" 1 a = sin" 1 (2a Jl - a 2 ). 

224 Also any relation which is expressed in the 
inverse notation may be converted into a relation expressed 
in the ordinary notation. Thus, for example, suppose we 
have given that 

2 tan" 1 a = tan" 1 - 9 ; 

I -a 2 

take the tangents of both sides ; thus 

tan(2tan" 1 a)= 7 ^- 2 : 



12—2 
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180 INVERSE NOTATION. 

suppose that tan -1 a=0, so that a=tand, 
2tan0 



thus tan 2d* 



l-tan 2 # 



225. As an example of the inverse notation suppose 
we require the value of sin (sin^a+cos- 1 ^). 

Let sin" 1 a =A, and cos' 1 b=B; then the proposed 
expression becomes 

sin (A + B) or sin -4 cos jB+cos-4 sin 2?, 
now sin A =a, cos A = JQ. — a 2 ), 

cos£=6, 8in£=/s/(l-&*); 
therefore sin(sin- 1 a+co8- 1 5)=a6+ /^(l-a 2 )^-^. 

For a numerical illustration take «=« > an ^ &=« > 
therefore sin f sin" 1 ^ + cos" 1 2) = 4 + 4 = 1# 
We may express this relation also thus, 
sin- 1 - +COS" 1 2 =Bm " 1 lm 

Since sin £= 1 we have as one possible result, 
2 

*in'4 +C08 ~4 = f ' 
Examples, like the result just given, are often proposed 
for exercise ; but it should be remembered that sin" 1 - and 

cos" 1 5 both have an infinite number of values, and thus 
2 

- is merely one out of an infinite number of possible values 
of the left-hand member. See Chapter xvin. 
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Examples. XXIV. 

1. If sin 6= a, express in the inverse notation 

sin 30= 3 sin 0-4 sin 8 0. 

2. If tan 0=a, express in the inverse notation 

+«wo/i 3tan0-tan 8 
*"*- l-3tan'0 • 

1— a* 

3. Shew that cos (2 tan- 1 a) = ; ; . 

x ' 1+a* 

4. Express without inverse notation 

sin -1 tan - and tan sin* 1 —r- . 

5. Shew that tan" 1 - + cosec" 1 ^/lo = - A . 

6. Shew that 2 tan" 1 f - cosec" 1 j^shr 1 ?| . 

o 3 65 

7. In any right-angled triangle, in which C is the right 
angle, __ 

cot - lv ^±i +co t- 1 ^/£±| = ?. 

V c-a V c-b 4 

8. Shewthat2tan- 1 s+cos- 1 | = s. 

Z O z 

9. Shew that 

sin- 1 (cos x) + cos- 1 (sin y) + # + y = tt. 

10. If tan- 1 *? + tan- 1 3a? = tan" 1 1 find a?. 

11. Iftan- 1 ^^+tan- 1 5zf = ? sh ewthat 

a a 6 



12. If ^sin-^+tan" 1 ;-, shew that 



a" 1 a?, sh< 

yg-i 
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1. The difference of two angles of an isosceles triangle 
is 20 grades : determine all the angles in degrees. 

2. Find the simplest value of x from sin 4a? = cos 5x. 

3. Find sin x from the equation 

4 sin x+ 3 cos x=5. 

4. If sin x + cos x = sin A + cos -4, shew that sin x must 
be equal to sin-4 or to cos A, 

5. Find the greatest value of sin x cos x. 

6. Find the least value of tan x + cot x. 

7. In a triangle sin 2 (7=sin 2 -4 + sm 2 2?: shew that the 
triangle is right-angled. 

8. One angle of a triangle exceeds the difference of 
the other two by 60 degrees, and exceeds the smaller of the 
other two by 50 grades : find the angles. 

9. One of the angles of a plane triangle is 120°, and 
the sides including it are in the ratio of 4 to 1 : shew that 

in 

the cotangents of the other angles are 3 *JZ and — . 

«i A1 ,1 + sin 2-4 1 „ . JS9 

10. Shew that — ^ = - (1 + tan Af. 

l + cos2-4 2 s ' 



11. Shew that 

sin 3-4 + cos 3 A 2 sin 2-4 + 1 



x tan (45°- A). 



sin 3-4 -C0S3-4 ~ 2 sin 2-4 - 1 
12. Given 
log 756 = 18785218, find log "756 and log ('0756)*. 
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MISCELLANEOUS EXAMPLES, 183 

13. Find the value of 

acos20 + 5sin20 when tan0=- . 

a 

14. The sides a, b,c of a triangle are as the numbers 
4, 5, 6 ; find the angle B. 

log 2 = '3010300, L cos 27° 53' = 99464040, 

L cos 27° 54' = 99463371. 

15. Shew that 
sin^cos(jB-C)-sin5cos(-4-(7)=sin(^--S)cosC r . 

16. If cos(a-/J)sin(y-d) = cos(a+/3)sin(y+3), then 
cot d = cot a cot /? cot y. 

17. If A + B+C=90°, then 

cos A -f sin C— sin B _ 1+ tan £.4 
cos 2? + sin (7- sin .4 ~l+tan£2?' 

18. Find the other angles in a triangle when 

-4 = 6° 37' 24" and3o=7&, 
log 2 =3010300, Z tan 8° 13' 50" =9 "1603083, 

Z tan 3° 18' 42"= 8*7624080, Z tan 8° 14' = 9*1604569. 

19. If A+B=90°, then sin (A-B)= -cos 2A and 
sin 2-4 + sin 22?=2 cos {A -B). 

20. The hypotenuse e of a right-angled triangle ABO 
is trisected at the points 2>, E : shew that if CD, CE be 
joined the sum of the squares on the sides of the triangle 

CDE=^. 

21. If x, y, z be the lengths of the straight lines 
bisecting the angles of a triangle, and terminated by the 
opposite sides a,b,c; shew that 

(6+c)'^+(c+a)»g + («+6)'J=(«+6+c)». 

Digitized by VjOOQ IC 



184 MISCELLANEOUS EXAMPLES. 

22. The sides AB, BC, CD, DA of a quadrilateral 
figure inscribed in a circle are in a geometrical progression, 
of which the common ratio is r; shew that 

UxiABC ^ r*-l 
txnBCD~r*+l' 

23. The tangents of the angles of a certain triangle 
are 1, 2, 3 : if jp 1? p 99 » s be the perpendiculars on the sides 
from the opposite angles, shew that 5p 1 p i p s = 3abc. 

24. Shew that tan(^+30 )tan(^-30°) = ?7^ CO8 ^ . 

X t 2t COS & A 

25. If A+B+C=lS0°, 

L A x <7 

cot T +COt 2 sinB 

. B ' . C fsaaA' 
cot-+cot- 

26. At noon a column in the E.S.E. cast upon the 
ground a shadow the extremity of which was in the direc- 
tion N.E.; the angle of elevation of the column being a, 
and the distance of the extremity of the shadow from the 
column c, determine the height of the column. 

27. Eliminate 6 from the equations 

«tan0+&sec0=<?, 
d cot 6+ V cosec 6=d. 

28. Shew that 

1+cos (24-25) cos 25=cosl4 + cos 1 (.4-25). 

29. Shew that 

cos(36°+4)cos(36 -4)+cos(54 +4)cos(54°-.4) 

= cos 2A. 

30. , In a right-angled triangle CD and CE are drawn 
from the right angle to the hypotenuse making angles a 
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MISCELLANEOUS EXAMPLES. 185 

and p with the hypotenuse, of which (t is the greater : 
shew that the area of the triangle CDE is 

-^(cota-COtfl). 

31. Solve 8* . 125 2 ~* = 2 to+8 . 5*, having given 

log 2 = '3010300. 

32. Solve the equation 

tan (x + 45°) + tan (x- 45°) = 2 tan 60°. 

33. Solve the equation 

2 + cot 2 # = 3 sec 4 a:— tan 2 #. 

34. If sin# = sin a sin (x + y\ then 

. sin a sin y 
tan#=- — 



1 — sin a cos y * 

35. Eliminate between the equations 

asin0+&cos0=A, 
a cos 0— 6 sin 0= A;. 

36. Find sin x and cos x if a sin a? +6 cos x=*J( a *+ &*)• 

37. Given log 5 ='6989700, log 7 = '8450980, find the 

28 
logs of 4, 3*5, -0014, and j^ • 

38. Given log 2 and log 3, find the logs of 27, 36, 54, 
•0025, and — . 

39. The sides of a triangle are respectively 31, 24, and 
11 feet : determine the greatest angle. 

40. If tan#=cosatany, then 

tan 2 ^ sin 2y 
tan(y-#) = 



1+tan* 2<ios2y 
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41. Shew that 

sin 2 (-4 + B) + cos 2 (-4 -5)=1 + sin 2-4 sin 2B. 

42. Shew that 

cos* 5-4 = cos 4^4 cos 6 A + sin 8 A. 

43. Shew that 

. 9 A 2 sin -4— sin 2-4 
tan « = s— = — a — . ft A . 
2 2sin-4 + sin2-4 

44. Shew that log b a has always the same sign as 
(a- 1)0-1). 

/2 11 

45. If cos-4=v t , and cosi?» -— + r—^ , shew that 

o ty Z Zyjo 

*m{A-B)=\. 

46. Shew that 

cos 9-4 + 3 cos 7-4 + 3 cos 5-4 + cos 3-4 = 8 cos 8 -4 cos 6-4. 

47. A triangular field has its sides respectively 50, 
60, 70 yards in length : find its area, haying given 

log 2 = 3010300, log 1-469 = '1670218, 

log 3 ='4771213, log 1-470 = 1673173. 

48. UA,B,C are the angles of a triangle, 

A B . . . , C 

cos —- + cos ~ is greater than cos — . 

Z Z 2 

49. If -4, B y C are the angles of a triangle, 

. A , . B . . . , C 

sin— +sin— is greater than cos - . 

Am Z 

50. If A,B,C are the angles of an acute-angled 

A B G 

triangle, sin ^-+sin — is greater than sin - . 

Z Z Z 
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51. Express according to the French measure 22° 42* 9" 
and 65° 27' 9". 

52. Given log 2 =-3010300 and log 3 = '4771213, find 
log324andlog'015. 

53. Two straight lines which cross one another meet 
a canal at angles of 30° and 60° respectively. If it be three 
miles by the longer of the two roads from the crossing to 
the canal, find the distance by the shorter. If there be a 
foot-path which goes the shortest way to the canal, find the 
distance by it. 

54. Given o=200, JB=45°, C= 10°: find b. 

log 2= -3010300, log 172-64 = 2-2371414, 
L sin 55°= 9*9133645, log 172*65 = 2'2371666. 

66. From the top of a hill I observe two cottages in 
a straight horizontal line before me. I find their angles 
of depression to be 45° and 30° respectively, and know them 
to be 176 yards apart. Find the height of the hill. 

56. Shew that in any triangle 

a -b cos G b-c cos A g-acos B _ a? + b 4 +d l 
o^ + be 2 + ca* " 2dW ' 
(asinA+bsmB+CBmC)* 

= (a*+b'+c^(Bm*A+BiD*B+BW*C). 

57. Shew that if the sides a, b, c of a triangle are in 
Arithmetical Progression 

sin (C- B) _ (3c + a) (c - a) 
sin(C+-4) 2a(c + a) ' 

58. A water-wheel whose diameter is 12 feet makes 
30 revolutions per minute : find approximately the number 
of miles per hour traversed by a point in the circumference 
of the wheel. 

59. Solve the equation 

sin 3x=2 sin 2x - sin x. 
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60. Shew that 

te *- 1 ^-^- 1 ;T3 =450 - 

61. If tan 2 A = ^^^ , find sin A. 

62. Given &=65, c=35, A = 85°, find B and C. 

log3= -4771213, Z tan 18° 7'= 9*5147766, 
L cot 42° 30' = 10-0379475, L tan 18° 8' = 95152039. 

63. Given c = ^60, 6=^/120, £=135°: find -4 
and a. 

64. If in a triangle 

sin -4 :sm(7::sin(-4--B) : sin(-B-C), 

then the squares of the sides are in Arithmetical Pro- 
gression. 

65. Shew with the notation of Chapter xrv. that 

ar x — br % br % — er z cr z —ar x s' 

66. Shew that 

sin-4+sin5-4 ^ . . 

-. -7»~i- — . , , = cos 2-4 sec -4, 
sin 2-4 + sm 4-4 ' 

sin 3-4+ cos 3-4= (cos -4— sin -4) (1 + 4 sin .4 cos A). 

67. If 2 sec 6 - sec (0 + 2a) + sec (0 - 2a), shew that 

cos* 0=2 cos 2 a. 

68. Solve the equation sin x + cos x = 1. 

69. Taking the diameter of the earth as 8000 miles, 
find the angle subtended at the Earth's centre by an arc of 
the Equator 500 miles long. 
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70. Shew that 

~ sin- 1 i+ tan- 1 ^=45°. 

71. Express in degrees, in grades, and in circular mea- 
sure the difference between a degree and a grade. 

72. The sides of a triangle are m+w, m-n, and 
J2(m 2 +n*), and the sine of one angle is " ~ : find the 
other angles. 

73. Given a = 15, & = 35, B = 120° : find A. 

log 3= '4771213, L sin 21° 47' =9*5694883, 
log 14= 11461280, L sin 21° 48'= 95698043. 

74. Given a -65, 6=16, C=60°: find .4 and B. 
log 3 = 4771213, L tan 46° 20' - 100202203, 
log 7 = 8450980, L tan 46° 21' = 100204732. 

75. A person walking along a straight road watches 
two spires until they appear in the same straight line, and 
finds that this straight line makes an angle /? with the 
road. From the spot where this is the case he walks a 
distance c in yards, when the nearest spire lies in a direc- 
tion at right angles to that of the road, and he observes 
that at this point the angle subtended by the two spires 
is a. Shew that the distance between the spires in 
yards is 

ccosa e 



cos(a+/J) cos/T 

76. The sides of a triangle are in Arithmetical Pro- 

Session and the area is four-fifths of the area of an equi- 
fcerai triangle having the same perimeter : shew that the 
sides are as the numbers 7, 10, 13. 

77. Shew that 

tan(45° + -4) 2 cos A + sin A + sin ZA 
tan (45°--4) " 2 cos -4 -sin -4 -sin 3-4 * 
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78. Solve the equation 

sin 2 x + sin x = cos* x + cos x. 

79. In a plane triangle the lengths of two sides are 
169 and 125 yards respectively, and the included angle 

33 

=2 sin -1 — : find the third side and the area. 
65 

80. Shew that sin (tan" 1 \ + cot" 1 ^\ = ~ . 

81. The angles of a triangle are in the proportion of 
1, 2, and 3 : express the angles in grades and degrees. 

82. Solve the equation 

^tan^-Cl + ^tanfl+^O. 

83. Given o=8, 5=7, -4 = 120°: find B and O. 
log 7 = -8450980, L sin 60° =99375306, 
log 8 ='9030900, Zsin49° 16'= 9*8795287. 

Z sin 49° 17'= 98796375, 

84. Given 6=50, c=30, -4 = 30°: find -Band C. 
log 2= -3010300, L tan 43° =99696559, 

Zcot 15° = 10*5719475, Z tan 43° l'=9*9699091. . 

85. Give n log 2 = 3010300, and log 3 = '4771213, find 
log s]5, log \/ '0020736, log 1875, and log -00288. 

86. Shew that 

cos 2 1 8° cos 36° - sin 18° sin' 36° = | . 

87. Shew that 

cos 2A -cos 5A n 9 A . „ A 
cog S^cog I4 = 3c0g 2 ¥- 8m8 2- 
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88. Shew that 

tan(-4 + -B)+tan(^l--B) 

=tan 2A {1 - tan (A -B) tan (A +5)}. 

89. Solve the equation sin 2x = 3 tan sc cos 2x. 

90. Shew that 

sin 5-4 -5 sin 3-4 + 10 sin A = 16 sin 8 A. 

, T - sintf costf , cos 2 , sin 2 10 

find tan 6. 

92. Find -4, -B, and C from the equations 

cos(-4+-B-^=|,cos(^--B+0)=^, 

cos (A +B) = sin C. 

93. Shew that 

cos 7-4 + cos 5-4 + cos 3-4 + cos A =* 4 cos 4-4 cos 2-4 cos A . 

94. Find all the values of & less than 180° for which 
sin 30= sin 30°. 

95. Shew that 

sin(^--B)cos(^t + -B) + sin(5-C)cos(-S+C) 

+ sin (C7- A) cos (tf+ A) = 0. 

96. Solve the equation tan x = cos a?. 

97. Shew that 

cosec 2-4 + cot 4-4 + cosec 4-4 = cot A . 

98. Given 5 = 17, c-7, 4 = 60°: find B and a 
log 2 = '3010300, Z tan 35° 49 ; = 98583357, 
log 3 =• -4771213, L tan 35° 49' 10"= 9*8583800, 
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99. A staff 2A feet high placed on the top of a tower 
subtends an angle a at a place whose horizontal distance 
from the foot of the tower is c feet : determine the height 
of the tower. 

100. The sides a, 6, e of a triangle are in Arithmetical 
Progression : shew that the area 

= |V3(3&-2a)(2a-&). 
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ANSWERS. 

I. 1. 60*. 2. 1*5. 3. 7'. 4. 1(K925. 

5. 30"775. 6. 74*925. 7. 27°. 8. 3°9'. 

9. 9°22'57". 10. 18° 41' 51". 11. 27° 58' 3". 

12. 68°-8068. 13. 18°, 20*. 14. 56° 15', 62*5. 

15. 61°'875, 68*75. 16. 63°'28125, 70*3125. 17. 60°, 66^, 
18. 36°, 40*. 19. 18°, 9°. 20. 54°, 36°. 21. 54. 

22. 32*4. 23. 111J. 24. 185&. 25. 34 to 27. 





II. 1. cos A- 


5 
= 13' 


2. cosA-1. 3. sin^=|. 


4. 


• A n 

BmA= rr 


5. 


sin^=|. 6. cosA = ^ . 


7. 


A m2 ~ 1 

cobA = — ,— , . 




8. sin-4=— i s. 



III. 1. 30°. 2. 60°. 3. 60°. 4. 60*. 

5. 45° or 60°. 6. 15° or 75°. 7. ^4 = 45°, -B= 30°. 

8. -4=60°, 5 = 45°. 9. -4 = 45°, 5=15°. 

10. -4 = 18°, 5 = 24°. 11. .4 = 10°, 5 = 5°. 

12. -4 = 45°, 5=45°. 13. -4 = 15°, 5=30°, (7=15°. 

«. *-rV($r). — *--/(££)■ 

tan 22£°= \/( /jLj ; iij may ** reduced to V 2 ' 1 - 
x/3-1 



!5. CT ;q , ;o . J it may be reduced to ^6-^3 + ^2- 2. 

* V^ + sJo + 1 

V2-2. 



/3+ 1 
16. 2 /2+ J3-1 ; ** may ** educed to ^6 + ^3-^2-2. 
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ANSWERS. 



IV. 1 
2. cos A — 
cos A = 



• a 21 - 20 

sm^=-,cos^ = -, 



m (2n -f m) 

2w 2 + 2wm + m 2 ' 

pn-qm 



3. sin.4 = 



pm + gft 



s/(p' + q 2 ) s/(m 2 + n*)' 
b. A = 30° or 60°, B = 60° or 30°. 
6. A = 15° or 75°, 5= 75° or 15°. 

B = 15° or 15°. 9. 



4. .4 = 15° or 75°. 



100. . 

73 fect 



1 1. 10 (3+2^3) feet, 10 JS feet 



7. A = 15° or 75°, 
10. 50 (3-^3) yards. 

12. «V3. 



13. 



14. 27 feet. 



15. 1 or 2 : assume 2h for 



the height of the post, then we shall find that the distance 
of the point of observation is either h or 2h. 

16. (a + 6)(2-V3). 17. 100 feet. 

18. j-^: = \ gives h = 35; 35 + 5 = 40. 
ft + /U o 



V. 1. 8. 2. 

7. T2552726. 
10. 3-8115752. 
13. -6354839. 
16. 24771213. 

19. 1*7993406. 
22. -0511525. 
25. 3521825. 

27. T'7041854. 
14x15x15 



3. 



5 

2* "'2' 
8. 17781513. 
11. 3 7323939. 
14. 18573326. 
1-7406162. 
1*2640466. 
0880456. 



5. 



6. 



17. 
20. 
23. 



9. 23344539. 

12. 16478174. 

15. 15740313. 

18. 1-6365006. 

21. 3-3555614. 

24. '0263938. 



28. - 



315;=- 



10 



30. 



26. 0,2,2,5; 31518804. 

29. 4*4983106. Observe 

2-log2 



2-2 log 2 



= 1-2153383. 
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31. 








2 - 2 log 2 




32. 


— ftO*7*ifliq 






3log3 + 2log2-2- 8975613 ' 






VI. 1. 2-5389050. 2. 6*6180633. 


3. 


2-8663518. 


4. 


1-2435557. 5. 2*7855128. 


6. 


6*7915179. 


7. 


6160148. 8. -007501467. 


9. 


2. 


10. 


2 6533. 11. 9*7932666. 


12. 


9*7299388. 


13. 


9*8241849. 14. 9*9793629. 


15. 


9*5906364. 


16. 


97154581. 17. 101650011. 


18. 


102618877. 


19. 


] 00171747, 9*4577109. 


20. 


16° 19' 26". 



21. 6° 53' 8". 22. 22° 28' 16". 

23. 80° 52' 51". 24. 142*7035. 

VII. 1. a=75, 6 = 75^3. 2. ^4 = 30°, 5 = 100^3. 

3. 5 = 80(2- ^3), c = 80(v/6-V2). 

4. .4=45°, c = 15j2. 5. a = 97*082040, 6 = 70*534236. 

6. A =43° 36' 10", 6 = 210. 

7. 6 = 125(^2-1), (5 = 125^(4-2^2). 

8. c = 5, 5 =53° 7' 48". 9. a = 78*1 548, 6 = 179*744. 

10. ^ = 35°49'44 // , 6 = 132*966. 

11. 5 = 59*8766, = 138*24. 12. ^=36°9'3", c=239*02. 

VIII. 1. 5=84^2, a=42(j2+^6). 

2. -5 = 30°, = 48^3. 

3. 5 = 45° or 135°, = ^6 + 3^2) or^(V6 + x/2). 

4. B = 90°,c=2,j2-j6. 5.5 = 30°. 6. -4 = 90°, B = 60°. 
7. a= 107*087, 6 = 96*5836. 8. c= 326576. 

9. B= 55° 13' 28" or 124° 46' 32", c=265*342 or 87*389. 

10. J9=55°9'8", c = 537*079. 

11. B= 40° 56' 39", c= 106*735. 

12. .4 = 38° 25' 20", J9 = 57°41'24". 
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IX. 1. 108,120. 2. 75 grades. 3. 30*. 

4. tan^=^. 6. cos 2 ^=^(2-^2), cos2^=--^. 

4 1 

8. cos2^ = - -, co*A = -?=. 
6 VlO 

10. suA4 = — V— .-, sin 8 5=— - — g. 

m 2 -n* 
: w 2 (l-w«) ; 

40 
have sin -4 =0, sin J5=0. 14. sin-4 = — . 

16. sm 2 # = t T7 =- , 8m 2 y = . 

(m-n)(a-b) y v m-n 

21. #=75° 57' 50". 22. ^4 = 38° 15' 8". 



11. sinM=^!, 8m 2 Z^^; also we may 



24. *{«VG-" 2 )}' 



X. 1. 30* or 150°. 3. 5=45°. 4. J9=90°, c=«V3. 
5. 120°. 6. 90°. 7. 120°. 8. 14, 12. 10. 458257. 
14. ±{pq-»/(l-p*)(l-q*)}. 17. 30° or 150°. 

19 . J5™^ . 20. Substitute in the third equa- 

sm(p-a) 
tion the values of tan 2 # and tan 2 y from the first two ; see 
Example ix. 16 : then reduce the result. 

XL 1. 710919. 2. 226623. 3. 1239-632. 

4. B= 149° 20' 31", (7=24° 39' 29". 

5. #=116° 33' 54", C= 26° 33' 54". 

6. # = 76° 44' 55", C=53°59'5". 

7. B = 101° 29' 9", (7= 36° 0' 51". 

8. £=86° 34' 27", = 50° 15' 33". 

9. ^ = 68° 2' 24", <7=54 4'19"*2. 

10. -B = 81° 2' 16", (7= 50° 37' 44", a = 4*3485. 
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11. J9=23°8'33", (7= 32° 17' 27". 

12. J9= 35° 15' 52", 0=84° 44' 8", C= 137*9796. 

13. B = 17° 6' 45", C= 133° 2' 15". 

14. B = 51° 41' 20", C= 58° 6' 30", log c = '9271876. 

15. J9 = 41° 19' 20" or 138° 40' 40", 
C= 105° 58' 40" or 8° 37' 20". 

16. J9=30°or 150V 

17. A =32° 57' 8", 

18. 43° 2' 56", 53° 46' 44", 83° 10' 20". 

19. 66° 15' 4", 59° 51' 10", 63° 53' 46". 

20. 70° 53' 36", 60°, 49° 6' 24". 

XII. 1. 72 feet. 2. ^tl miles. 

3. 500 Os/3 + 1) yards. 4. 18^2 miles. 

5. 93-489 yards. 6. 155823 feet 

7. 228*6307 yards. 8. 280015, 765*015 feet. 

9. 212*858, 618*186 feet 10. 238502, 480*504 yards. 

11. B 7° 21' 45" S. 12. 4 sin 67£° - 4 sin 22£°. 

13. Distance = 5 . 8i ^f ° ; the first ship bears B.N.E of 
sin 2tZ^ 

the second. 14. 40\/330 feet per minute. 



15. Height 80 feet ; distance 4800 V 330 feet 

16. If h be the height 3 (200) 2 = A 3 (4 - s/6). 

18. Solve CEF knowing EF and the angles ; then solve 
AEC and BFC. 21.162'95. 22. 1514-396,4163*746. 
23. 509*7. 24. 2109*8. 

XIII. 1. 72°. 2. 36°, 54°. 8. a =45°, £=30°. 

12. 10(^2-1), IOn/4-2^2. 

M „ hcosBcosa ryr. h cos /? sin a 

13 - A0 =SS^W CI>= ^M^W 

O G 

14. ~ = 41°24'35", B = - : see Example x. 9. 
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15. f=57° 18' 41", 21= J. 16. Let^CandJ92) 
meet at ; then the triangles AOB and COD are similar. 
18. sin'^ = -;(*-<> , sin^=^- c > x . 

XIV. 3.^3. 4.^. 5. #=23l0,r=21,22=42i. 

6. 6x(81) 2 . 7. 2456840. 8. 382094. 

16. The radius of the circle passing through the three 
points is — g — ; the tower is at the centre of this circle. 

XV. 5. 60°, 120°, 240°, 300°. 6. 22j°, 1 1 2 \\ 202£°, 292£°. 

7. 90°, 210°, 330°. 8. 120°, 180°, 240°. 

9. 15°, 75°, 195°, 255°. 10. 67i°, 157^°, 247£°, 337J . 

11. 0°, 30°, 150°, 180°. 12. 60°, 90°, 270°, 300°. 

XVI. 7. tan 2 ^+cotl4 = (tan^-cot^)2 + 2. 8. 4. 
11. 12150 + 6250^2. 

XVII ] - — 2 1 q ^? 4 J* 

J. ^ 2 . 2. 1. 3. 2 . 4. -— . 

5. -1. 6. i. 7. 2-^3. 8. -(2-^/3). 

9. ^3. 10. -^. 11. -V3. 12. 1. 

XVIII. 7. A = (4w + 1) 90°. 8. 90° - 2 A = w360° ± 3-4. 

XIX. 1. -1. 2. *£+*/!?. 

(l-q&) 2 -(fl + fr a 2(a + b)(l-ab) 1 

4 * (1 +a 2 ) (1 + 6 2 ) > (1 + a 2)- (1 + ft2) • 6 - 2 ' 

3 ^(2- g 2 )-g» yV+g'p-^ 

''a* 0»-|>V» ^ 0*-J»»C» • "• 74. 
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XX. 27 may be deduced from 26 ; 28 may be deduced 
from 26 by changing angles into their complements ; 29 
may by deduced from 28 ; 30 may be deduced from 26 by 
changing C into 90° - (7. 

36. #=nl80°, or a?=nl80 + (-l)"30°. 

37. 4x=x + nl80°. 

38. 2x= (2n + 1) 90°, or 7x = nl80° + ( - 1)" 30°. 

39. &z= r*180°, or 8# = n360°± 60°. 

40. (a+b + 2c)x=n350°±(a + b)x. 

45. 1± 



/ 2b 



41. ^3. 


13 + js/31 


20 


126 

o. • 

7T 



XXI. 1. •Ji* + J &+<J*)} m 3 

XXII. 7. — feet, ^ feet 

IT 10 

9. ^ feet 10. 50°, 40°. 11. 40°, 60°, 80°. 

12 - ( m -10 n )i^- "■ 27 100^6- 15 -^°- 

lg 10O + 96 f 19. sm*fl= 8inaa 1 -_* fc C0S ' a . 

XXIII. 1. "7 ( n/ 3 ~o)> wuere « is a side of the 
triangle. 2. The smaller segment is — ~- . 

6. Wo must have 6=cos0, and therefore 1— ■£■ less 

than 6. 8. 42° 50' 22", 1 7° 9' 38". 

9. 71° 5' 45", 48° 54' 15". 10. 83° 58' 28". 

11. Let x be the height of the lower; then that of the 
other is 2x ; and 4x 2 = (3b - 2a) (2a - b). 

12. 711423 miles. 

XXIV. 4. wl80°+(-l)"90°, tan{wl80°+(-l)«45°}. 
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Miscellaneous Examples. 
1. 54°, 64°, 72° or 66°, 66°, 48°. 2. 10°. 

3. sin x= \ , cos x= \ . 5. \. 6. 2. 8. 37i°, 60°, 8'2£°. 
5 5 2 

13. a. 14. 55° 46' 16". 18. B = 4° 55' 10"*6, (7= 168° 27'25"*4, 

26. V2-V2ctana. 27. (cc , -aa0 2 =(a& / +</6) , +(a / 6+c6') 2 . 

31. 106. 32. #=(3n+l)30°. 33. a?=nl80°±30°. 

35. a 2 +5* = #■+#>. 39. 120°. 47. 14693. 

51. 25"225, 72"725. 52. 25105452, 2*1760913. 53.73,1-5. 

54. 1726436. 55. 88(^3 + 1). 58. 1285... 

59. #=w90°. 61. ±w. 62. 65° 37' 41", 29° 22' 19". 

63. -4 = 15°, a= N /30C s /3-l). 68. 4?-45° = n360 ±45°. 

69. 7"16... 71. S.J.iSo' 72 - 90 °' 72 °- 

73. 21° 47' 12". 74. A = 106° 20' 12", B= 13° 39' 48". 

78. 4?=wl80° + 45°, or #-45°=w360 ±l33 . 

79. 154, 9240. 81. 30°, 60°, 90°; 33'J, 36'f, IOC 
82. 0=ttl8O o + 45 o orwl8O° + 3O . 83. £=49° 16' 5", 
C= 10° 43' 55". 84. #=118°0'55", (7=31° 59' 5". 
85. -3494850, 1*1055751, 2*2730013, 3*4593926. 

89. sin#=0 or cos2# = -. 91. tan*0=3or-. 

2 3 

92. ^=45°, 5 = 30°, (7=15°. 94, 10°, 50°, 130°, 170°. 

96. rings * 5 " 1 . 98. £ = 95° 49' 3", (7=24° 10' 57". 

99. ^cAcota-^ + ^-A. 

THE END. 
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LIST OF EDUCATIONAL BOOKS. 



CLASSICAL. 



jESCHYLUS.— ^SCHYLI EUMENIDES. The Greek Text, with 
English Notes, and English Verse Translation and an Introduction. 
By Bernard Drake, M.A., late Fellow of King's College, Cam- 
bridge. 8vo. Js. 6d. 

The Greek Text adopted in this Edition is based upon that of Wellauer, 
which may be said in general terms to represent that of the best manu- 
scripts. But in correcting the Text, and in the Notes, advantage has been 
taken of the suggestions of Hermann, Paley, Linwood, and other com- 
mentators. 

ARISTOTLE.— ARISTOTLE ON FALLACIES; OR, THE 
SOPHISTICI ELENCHI. With a Translation and Notes by 
Edward Poste, M.A., Fellow of Oriel College, Oxford. 8vo. 
&s. 6d. 

Besides the doctrine of Fallacies, Aristotle offers either in this treatise, or 
in other passages quoted in the commentary, various glances over the 
world of science and opinion, various suggestions on problems which are 
still agitated, and a vivid picture of the ancient system of dialectics, which 
it is hoped may be found both interesting and instructive. 

" It is not only scholarlike and careful ; it is also perspicuous." — Guardian. 

ARISTOTLE.— AN INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By 
E. M. Cope, Senior Fellow and Tutor of Trinity College, Cam- 
bridge. 8vo. 14$-. 

This work is introductory to an edition of the Greek Text of Aristotle's 
Rhetoric, which is in course of preparation. 

" Mr. Cope has given a very useful appendage to the promised Greek Text ; 
but also a work of so much independent use that he is quite justified in hi . 
separate publication. All who have the Greek Text will find themselves 
supplied with a comment ; and those who have not will find an analysis of 
the work." — Athcnceum. 
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EDUCATIONAL BOOKS. 



CATULLUS.— CATULLI VERONENSIS LIBER, edited by R. 
Ellis, Fellow of Trinity College, Oxford. i8mo. 3^. 6d. 

" It is little to say that no edition of Catullus at once so scholarlike has ever 
appeared in England." — Atfun&um. 

" Rarely have we read a classic author with so reliable, acute, and safe a 
guide." — Saturday Review. 

CICERO. -THE SECOND PHILIPPIC ORATION. With an 
Introduction and Notes, translated from the German of Karl 
Halm. Edited, with Corrections and Additions, by John E. B. 
Mayor, M.A., Fellow and Classical Lecturer of St. John's Col- 
lege, Cambridge. Third Edition, revised. Fcap. 8vo. 5^. 

" A very valuable edition, from which the student may gather much both in 
the way of information directly communicated, and directions to other 
sources of knowledge." — Athenaum. 

DEMOSTHENES.— DEMOSTHENES on the CROWN. The 
Greek Text with English Notes. By B. Drake, M.A., late 
Fellow of King's College, Cambridge. Third Edition, to which 
is prefixed ^Eschines against Ctesiphon, with English Notes. 
Fcap. 8vo. 5j-. 

The terseness and felicity of Mr. Drake's translations constitute perhaps 
the chief value of his edition, and the historical and archaeological details 
necessary to understanding the De CoronA have in some measure been 
anticipated in the notes on the Oration of vEschines. In both, the text 
adopted in the Zurich edition of 1851, and taken from the Parisian MS., 
has been adhered to without any variation. Where the readings of 
Bekker, Dissen, and others appear preferable, they are subjoined in the 
notes. 

HODGSON.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A Brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. 3 j. 

Intending the little book to be entirely elementary, the Author has made it 
as easy as he could, without too largely superseding the use of the Dic- 
tionary and Gradus. By the facilities here afforded, it will be possible, in 
many cases, for a boy to get rapidly through these preparatory exercises ; 
and thus, having mastered the first difficulties, he may advance with better 
hopes of improvement to subjects of higher character, and verses of more 
difficult composition. 

JESSOPP.—K MANUAL OF THE GREEK ACCIDENCE FOR 
THE USE OF BEGINNERS. By Augustus Jessopp, M.A., 
Head Master of King Edward the Sixth School, Norwich. Fcap. 
8vo. 3J. 6d. 
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JUVENAL.— J UVEN AL, FOR SCHOOLS. With English Notes. 
By J. E. B. Mayor, M.A. New and Cheaper Edition. Crown 
8vo. [In the Press. 

"A School edition of Juvenal, which, for really ripe scholarship, extensive 
acquaintance with Latin literature, and familiar knowledge of Continental 
criticism, ancient and modern, is unsurpassed, we do not say among Eng- 
lish School-books, but among English editions generally." — Edinburgh 
Review. 

LYTTELTON.- THE COMUS of MILTON rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. Second Edition. 
5* 

— THE SAMSON AGONISTES of MILTON rendered into 
Greek Verse. By Lord Lyttelton. Extra fcap. 8vo. 6s. 6d. 

MARSHALL.— A TABLE OF IRREGULAR GREEK VERBS, 
Classified according to the Arrangement of Curtius's Greek 
Grammar. By I. M. Marshall, M.A., Fellow and late Lec- 
turer of Brasenose College, Oxford ; one of the Masters in Clifton 
College. 8vo. cloth, is. 

MA YOR.— FIRST GREEK READER. Edited after Karl Halm, 
with Corrections and large Additions by John E. B. Mayor, M.A., 
Fellow and Classical Lecturer of St. John's College, Cambridge. 
Fcap. 8vo. 6j\ 

MERIVALE.— KEATS' HYPERION rendered into Latin Verse. 
By C. Merivale, B.D. Second Edition. Extra fcap. 8vo. 
3 j. 6d. 

PHILOLOGY.— THE JOURNAL of SACRED and CLASSICAL 
PHILOLOGY. Four Vols. 8vo. 12s. 6d. each. 

PLATO.— THE REPUBLIC OF PLATO. Translated into En- 
glish, with an Analysis and Notes, by J. LI. Davies, M.A., and 
D. J. Vaughan, M.A. Third Edition, with Vignette Portraits 
of Plato and Socrates, engraved by Jeens from an Antique Gem. 
i8mo. 4-f. 6d. 

ROB Y.— AN ELEMENTARY LATIN GRAMMAR. By H. J. 

Roby, M.A. New Edition. i8mo. [In the Press. 

" It contains an amount of accurate and well-digested knowledge such as is 

often found wanting in works of much greater pretensions. We know no 

book which in so small a compass, and with so little parade, contains more 

sound knowledge of Latin." — Spectator. 
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SALLUST.—CAll SALLUSTII CRISPI Catilina et Jugurtha. 
For use in Schools (with copious Notes). By C. Merivale, B.D. 
(In the present Edition the Notes have been carefully revised, and 
a few remarks and explanations added.) Second Edition. Fcap. 
8vo. 4s. 6d. 

The Jugurtha and the Catilina may be had separately, price 2s. 6d. 
each. 

TACITUS.— THE HISTORY OF TACITUS translated into ENG- 
LISH. By A. J. Church, M. A., and W. J. Brodribb, M. A. 
With Notes and a Map. 8vo. 10s. 6d. 

The translators have endeavoured to adhere as closely to the original as was 
thought consistent with a proper observance of English idiom. At the 
same time it has been their aim to reproduce the precise expressions of the 
author. The campaign of Civilis is elucidated in a note of some length 
which is illustrated by a map, containing only the names of places and of 
tribes occurring in the work. 

— THE AGRICOLA and GERMANIA. By the same translators. 

{In the Press. 

TURING.— Works by Edward Thring, SLA., Head Master of 
Uppingham School : — 

— A CONSTRUING BOOK. Fcap. 8vo. 2s. 6<t. 

This Construing Book is drawn up on the same sort of graduated scale as the 
Author's English Grammar. Passages out of the best Latin Poets are 
gradually built up into their perfect shape. The few words altered, or in- 
serted as the passages go on, are printed in Italics. It is hoped by this 
plan that the learner, whilst acquiring the rudiments of language, may 
store his mind with good poetry and a good vocabulary. 

— A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. Fcap. 8vo. 2s. 6d. 

The main plan of this little work has been well tested. 

The intention is to supply by easy steps a knowledge of Grammar, combined 

with a good vocabulary ; in a word, a book which will not require to be 

forgotten again as the learner advances. 
A short practical manual of common Mood constructions, with their English 

equivalents, form the second part. 

— A MANUAL of MOOD CONSTRUCTIONS. Extra fcap. 
8vo. is. 6d. 

THUCYDWES.—TIVE SICILIAN EXPEDITION. Being Books 

VI. and VII. of Thucydides, with Notes. A New Edition, revised 

and enlarged, with a Map. By the Rev. Percival Frost, M. A., 

late Fellow of St. John's College, Cambridge. Fcap. 8vo. $s. 

This edition is mainly a grammatical one. Attention is called to the force 

of compound verbs, and the exact meaning of the various tenses employed. 
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WRIGHT.— -Works by J. Wright, M.A., late Head Master of 
Sutton Coldfield School :— 

— HELLENICA ; Or, a HISTORY of GREECE in GREEK, 
as related by Diodorus and Thucydides, being a First Greek 
Reading Book, with Explanatory Notes Critical and Historical. 
Second Edition, with a Vocabulary. i2mo. y. 6d. 

In the last twenty chapters of this volume, Thucydides sketches the rise and 

{wogress of the Athenian Empire in so clear a style and in such simple 
anguage, that the author doubts whether any easier or more instructive 
passages can be selected for the use of the pupil who is commencing 
Greek. 

— A HELP TO LATIN GRAMMAR ; Or, the Form and Use 
' of Words in Latin, with Progressive Exercises. Crown 8vo. 

4s. 6d. 

" Never was there a better aid offered alike to teacher and scholar in that 
arduous pass. The style is at once familiar and strikingly simple and 
lucid ; and the explanations precisely hit the difficulties, and thoroughly 
explain them." — English. Journal of Education. 

— THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged from the First Book of Liyy by the omisnon of difficult 
passages, being a First Latin Reading Book, with Grammatical 
Notes. Fcap. 8vo. 3*. 

This work is intended to supply the pupil with an easy Construing-book, 
which may at the same time be made the vehicle for instructing nim in 
the rules of grammar and principles of composition. Here Livy tells his 
own pleasant stories in his own pleasant words. Let Livy be the master 
to teach a boy Latin, not some English collector of sentences, and he will 
not be found a dull one. 

— A VOCABULARY AND EXERCISES on the "SEVEN 
KINGS OF ROME." Fcap. 8vo. is. 6d. 

The Vocabulary and Exercises may also be had bound up with 
"The Seven Kings of Rome," price 5/. 



MATHEMATICAL. 

AIRY.— Works by G. B. Airy, Astronomer Royal :— 

— ELEMENTARY TREATISE ON PARTIAL DIFFEREN- 
TIAL EQUATIONS. Designed for the use of Students in the 
University. With Diagrams. Crown 8vo. cloth, 5/. dd. 

It is hoped that the methods of solution here explained, and the instance* 
exhibited, will be found sufficient for application to nearly all the important 
problems of Physical Science, which require for their complete investiga- 
tion the aid of partial differential equations. 

j 
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AIRY.— Works by G. B. Airy— Continued. 

— ON THE ALGEBRAICAL AND NUMERICAL THEORY 
of ERRORS of OBSERVATIONS, and the COMBINATION 
of OBSERVATIONS. Crown 8vo. cloth, 6s. 6d. 

— UNDULATORY THEORY OF OPTICS. Designed for the 
use of Students in the University. New Edition. Crown 8vo. 
cloth, 6s. 6d. 

— POPULAR ASTRONOMY. With Illustrations. New and 
Cheaper Edition. i8mo. cloth, 4s. 6d. 

" Popular Astronomy in general has many manuals ; but none of them super- 
sede the Six Lectures of the Astronomer Royal under that title. Its 
speciality is the direct way in which every step is referred to the observatory, 
and in which the methods and instruments by which every observation is 
made are fully described. This gives a sense of solidity and substance to 
astronomical statements which is obtainable in no other way." — Guardian. 

— ON SOUND and ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the use of 
Students of the University. Crown 8vo. gs. 

BAYMA.— THE ELEMENTS of MOLECULAR MECHANICS. 
By Joseph Bayma, S.J., Professor of Philosophy, Stonyhurst 
College. Demy 8vo. cloth, iar. 6d. 

BOOLE.— Works by G. Boole, D.C.L., F.R.S., Professor of 
Mathematics in the Queen's University, Ireland : — 

— A TREATISE ON DIFFERENTIAL EQUATIONS. New 
and Revised Edition. Edited by I. Todhunter. Crown 8vo. 
cloth, 14s. 

The author has endeavoured in this Treatise to convey as complete an ac- 
count of the present state of knowledge on the subject of Differential 
Equations, as was consistent with the idea of a work intended primarily 
for elementary instruction. The earlier sections of each chapter contain 
that kind of matter which has usually been thought suitable to the beginner, 
while the later ones are devoted either to an account of recent discovery, 
or the discussion of such deeper questions of principle as are likely to pre- 
sent themselves to the reflective student in connexion with the methods 
and processes of his previous course. 

— A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 
plementary Volume. Edited by I. Todhunter. Crown 8vo. 
cloth, Ss. 6d. 

— THE CALCULUS OF FINITE DIFFERENCES. Crown 
8vo. cloth, 10/. 6d. 

This work is in some measure designed as a sequel to the Treatise on 
Differential Equations, and is composed on the same plan. 
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BEASLEY.—AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. By R. D. Beasley, 
M.A., Head Master of Grantham Grammar School. Second 
Edition, revised and enlarged. Crown 8vo. cloth, y. 6d. 

This Treatise is specially intended for use in Schools. The choice of matter 
has been chiefly guided by the requirements of the three days' Examina- 
tion at Cambridge, with the exception of proportional parts in Logarithms, 
which have been omitted. About Four hundred Examples have been 
added, mainly collected from the Examination Papers of the last ten years, 
and great pains have been taken to exclude from the body of the work any 
which might dishearten a beginner by their difficulty. 

CAMBRIDGE SENATE-HOUSE PROBLEMS and RIDERS, 

WITH SOLUTIONS :— 
1848— 185 1.— PROBLEMS. By Ferrers and Jackson. 8vo. cloth. 

1 5 s. 6d. 
1848— 185 1.— RIDERS. By Jameson. 8vo. cloth, p. 6d. 
1854.— PROBLEMS and RIDERS. By Walton and Mackenzie, 

8vo. cloth, 10s. 6d. 
1857.— PROBLEMS and RIDERS. By Campion and Walton. 

8vo. cloth. Ss. 6d. 
i860.— PROBLEMS and RIDERS. By Watson and Routh. 

Crown 8vo. cloth. Js. 6d. 
1864.— PROBLEMS and RIDERS. By Walton and Wilkinson. 

8vo. cloth, ioj". 6d. 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL PHI- 
LOSOPHY, for the Degree of B.A. Originally compiled by 
J. C. Snowball, M. A., late Fellow of St. John's College. Fifth 
Edition, revised and enlarged, and adapted for the Middle-Class 
Examinations by Thomas Lund, B.D., Late Fellow and Lecturer 
of St. John's College ; Editor of Wood's Algebra, &c. Crown 
8vo. cloth. 5j-. 

This work will be found suited to the wants, not only of University Students, 
but also of many others who require a short course of Mechanics and 
Hydrostatics, and especially of the Candidates at our Middle-Class Ex- 
aminations. 

CAMBRIDGE AND DUBLIN MA THE MA TICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. cloth. £j 4s. 

(Only a few copies remain on hand.) 

CHEYNE.— AN ELEMENTARY TREATISE on the PLANET- 
ARY THEORY. With a Collection of Problems. By C. H. H. 
Cheyne, B.A. Crown 8vo. cloth. 6s. 6d. 

— THE EARTH'S MOTION of ROTATION. By C. H. H. 
Cheyne, M.A. Crown 8vo. 3-r. 6d. 
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CHILDE.— THE SINGULAR PROPERTIES of the ELLIPSOID 
and ASSOCIATED SURFACES of the Nth DEGREE. By 
the Rev. G. F. Childe, M.A., Author of "Ray Surfaces/' 
" Related Caustics," &c. 8vo. iar. 6d. 

CHRISTIE— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS in PURE and MIXED MATHEMATICS ; with 
Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Horner's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal Military Academy, Woolwich. Crown 8vo. cloth, Ss. 6d. 

The Series of Mathematical Exercises here offered to the public is collected 
from those which the author has from time to time proposed for solution by 



his pupils during a long career at the Royal Military Academy ; they are 
in the main original : and having well fulfilled the purpose for which the] 
were first framed, it is hoped they may be made still more widely useful. 



D ALTON.— ARITHMETICAL EXAMPLES. Progressively ar- 
ranged, with Exercises and Examination Papers. By the Rev. 
T. D alton, M.A., Assistant Master of Eton College. i8mo. 
cloth, is. 6d. 

DODGSON.—AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear Equa- 
tions and Algebraical Geometry. By C. L. Dodgson, M.A., 
Mathematical Lecturer of Christ Church, Oxford. Small 4to. 
cloth, iar. 6d. 

DREW.— GEOMETRICAL TREATISE on CONIC SECTIONS. 
By W. H. Drew, M. A., St. John's College, Cambridge. Third 
Edition. Crown 8vo. cloth, 4s. 6d. 

In this work the subject of Conic Sections has been placed before the student 
in such a form that, it is hoped, after mastering the elements of Euclid, he 
may find it an easy and interesting continuation of his geometrical studies. 
With a view also of rendering the work a complete Manual of what is re- 
quired at the Universities, there have been either embodied into the text, 
or inserted among the examples, every book-work question, problem, and 
rider, which has been proposed in the Cambridge examinations up to the 
present time. 

— SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SECTIONS. Crown 8vo. cloth, 4s. 6d. 

FERRERS.— AN ELEMENTARY TREATISE on TRILINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projections. By the Rev. N. M. Ferrers, M.A., 
Fellow and Tutor of Gonville and Caius College, Cambridge. 
Second Edition. Crown 8vo. 6s. 6d. 

The object of the author in writing on this subject has mainly been to place 
it on a basis altogether independent of the ordinary Cartesian system, in- 
stead of regarding it as only a special form of Abridged Notation. A short 
chapter on Determinants has been introduced. 

Digitized by VjOOQ LC 



MA THEM A TICAL. 



FROST.— THE FIRST THREE SECTIONS of NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a Collection 
of Problems, principally intended as Examples of Newton's 
Methods. By Percival Frost, M.A., late Fellow of St. John's 
College, Mathematical Lecturer of King's College, Cambridge. 
Second Edition. 8vo. cloth, ior. 6d. 

The author's principal intention is to explain difficulties which may be en- 
countered by the student on first reading the Principia, and to illustrate 
the advantages of a careful study of the methods employed by Newton, by 
showing the extent to which they may be applied in the solution of prob- 
lems ; he has also endeavoured to give assistance to the student who is 
engaged in the study of the higher branches of Mathematics, by repre- 
senting in a geometrical form several of the processes employed in the 
Differential and Integral Calculus, and in the analytical investigations of 
Dynamics. 

FROST and WOLSTENHOLME.—K TREATISE ON SOLID 
GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
Wolstenholme, M.A., Fellow and Assistant Tutor of Christ's 
College. 8vo. cloth, i&r. 

The authors have endeavoured to present before students as comprehensive 
a view of the subject as possible. Intending as they have done to make 
the subject accessible, at least in the earlier portion, to all classes of 
students, they have endeavoured to explain fully all the processes which 
are most useful in dealing with ordinary theorems and problems, thus di- 
recting the student to the selection of methods which are best adapted to 
the exigencies of each problem. In the more difficult portions of the sub- 
ject, they have considered themselves to be addressing a higher class of 
students ; there they have tried to lava good foundation on which to build, 
if any reader should wish to pursue the science beyond the limits to which 
the work extends. 

GODFRAY.— K TREATISE on ASTRONOMY, for the use of 
Colleges and Schools. By Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 8vo. cloth. \2s. 6d. 
" We can recommend for its purpose a very good Treatise on Astronomy 
by Mr. Godfray. It is a working book, taking astronomy in its proper 
place in mathematical science. But it begins with the elementary de- 
finitions, and connects the mathematical formulae very clearly with the 
visible aspect of the heavens and the instruments which are used for ob- 
serving it." — Guardian. 

— AN ELEMENTARY TREATISE on the LUNAR THEORY. 
With a brief Sketch of the Problem up to the time of Newton. 
By Hugh Godfray, M.A. Second Edition, revised. Crown 
8vo. cloth. 5j. 6d. 

HEMMING.— AN ELEMENTARY TREATISE on the DIF- 
FERENTIAL AND INTEGRAL CALCULUS, for the use 
of Colleges and Schools. By G. W. Hemming, M.A., Fellow 
of St. John's College, Cambridge. Second Edition, with Cor- 
rections and Additions. 8vo. cloth, gs. 
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JONES and CHEYNE.— ALGEBRAICAL EXERCISES. Pro- 
gressively arranged. By the Rev. C. A. Jones, M. A., and C. H. 
Cheyne, M.A., Mathematical Masters of Westminster School. 
New Edition. i8mo. cloth, 2s. 6d. 

This little book is intended to meet a difficulty which is probably felt more 
or less by all engaged in teaching Algebra to beginners. It is that while 
new ideas are being acquired, old ones are forgotten. In the belief that 
constant practice fs the only remedy for this, the present series of miscel- 
laneous exercises has been prepared. Their peculiarity consists in this, 
that though miscellaneous they are yet progressive, and may be used by 
the pupil almost from the commencement of his studies. They are not in- 
tended to supersede the systematically arranged examples to be found in 
ordinary treatises on Algebra, but rather to supplement them. 

The book being intended chiefly for Schools and Junior Students, the higher 
parts of Algebra have not been included. 

MORGAN.— A COLLECTION of PROBLEMS and EXAMPLES 
in Mathematics. With Answers. By H. A. Morgan, M.A., 
Sadlerian and Mathematical Lecturer of Jesus College, Cambridge. 
Crown 8vo. cloth. 6j*. 6d. 

This book contains a number of problems, chiefly elementary, in the Mathe- 
matical subjects usually read at Cambridge. They have been selected 
from the papers set during late years at Jesus college. Very few of them 
are to be met with in other collections, and by far the larger number are 
due to some of the most distinguished Mathematicians in the University. 

PARKINSON— Works by S. Parkinson, B.D., Fellow and Pre- 
lector of St. John's College, Cambridge : — 

— AN ELEMENTARY TREATISE ON MECHANICS. For 
the use of the Junior Classes at the University and the Higher 
Classes in Schools. With a Collection of Examples. Third 
Edition, revised. Crown 8vo. cloth, 9^. 6d. 

The author has endeavoured to render the present volume suitable as a 
Manual for the junior classes in Universities and the higher classes in 
Schools. In the Third Edition several additional propositions have been 
incorporated in the work for the purpose of rendering it more complete, 
and the Collection of Examples and Problems has been largely increased. 

— A TREATISE on OPTICS. Second Edition, revised. Crown 
8vo. cloth, 10s. 6d. 

A collection of Examples and Problems has been appended to this work 
which are sufficiently numerous and varied in character to afford useful 
exercise for the student : for the greater part of them recourse has been 
had to the Examination Papers set in the University and the several Col- 
leges during the last twenty years. 

Subjoined to the copious Table of Contents the author has ventured to indi- 
cate an elementary course of reading not unsuitable for the requirements of 
the t irst Three Days in the Cambridge Senate-House Examinations. 
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PHEAR.— ELEMENTARY HYDROSTATICS. With numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 8vo. 
cloth, $s. 6d. 

"An excellent Introductory Book. The definitions are very clear ; the de- 
scriptions and explanations are sufficiently full and intelligible ; the in- 
vestigations are simple and scientific. The examples greatly enhance its 
value." — English Journal of Education. 

PRATT.— A TREATISE on ATTRACTIONS, LAPLACE'S 
FUNCTIONS, and the FIGURE of the EARTH. By John 
H.Pratt, M.A., Archdeacon of Calcutta, Author of "The 
Mathematical Principles of Mechanical Philosophy." Third 
Edition. Crown 8vo. cloth, 6s. 6d. 

PUCKLE.—kN ELEMENTARY TREATISE on CONIC SECT- 
IONS and ALGEBRAIC GEOMETRY. With Easy Examples, 
progressively arranged ; especially designed for the use of Schools 
and Beginners. By G. H. Puckle, M.A., St. John's College, 
Cambridge, Head Master of Windermere College. Third Edition, 
enlarged and improved. Crown 8vo. cloth, p. 6d. 

The work has been completely re-written, and a considerable amount of new 
matter has been added, to suit the requirements of the present time. 

RA WLINSON.— ELEMENTARY STATICS. By G. Rawlin- 
son, M.A. Edited by Edward Sturges, M.A., of Emmanuel 
College, Cambridge, and late Professor of the Applied Sciences, 
Elphinstone College, Bombay. Crown 8vo. cloth. 4$-. 6d. 

Published under the authority of H. M. Secretary of State for use in the 
Government Schools and Colleges in India. 

" This Manual may take its place among the most exhaustive, yet clear and 
simple, we have met with, upon the composition and resolution of forces, 
equilibrium, and the mechanical powers." — Oriental Budget. 

ROUTH.—AN ELEMENTARY TREATISE on the DYNAMICS 
of a SYSTEM of RIGID BODIES. With Examples. By 
Edward John Routh, M.A., Fellow and Assistant Tutor of 
St. Peter's College, Cambridge ; Examiner in the University of 
London. Crown 8vo. cloth, iar. 6d. 

SMITH.— A TREATISE on ELEMENTARY STATICS. By 
J. H. SMITH, M.A., Gonville and Caius College, Cambridge. 
8vo. $s. 6d. 

Digitized by VjOOQ IC 



i 4 EDUCATIONAL BOOKS. 



SMITH. —Works by Barnard Smith, M.A., Rector of Glaston, 
Rutlandshire, late Fellow and Senior Bursar of St. Peter's College, 
Cambridge : — 

— ARITHMETIC and ALGEBRA, in their Principles and Ap- 
plication, with numerous Systematically arranged Examples, taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for B.A. Degree. Tenth Edition. 
Crown 8vo. cloth, ior. 6d. 

This work is now extensively used in Schools and Colleges both at home and 
in the Colonies. It has also been found of great service for students pre- 
paring for the Middle-Class and Civil and Military Service Ex- 
aminations, from the care that has been taken to elucidate the principles 
of all the Rules. 

— ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. cloth, 4s. 6d. 

— COMPANION to ARITHMETIC for SCHOOLS. [Preparing. 

— A KEY to the ARITHMETIC for SCHOOLS. Fifth Edition. 
Crown 8vo., cloth, 8j. 6d. 

— EXERCISES in ARITHMETIC. With Answers. Crown 
8vo. limp cloth, 2s. 6d. Or sold separately, as follows : — Part I. 
is.; Part II. is. Answers, 6d. 

These Exercises have been published in order to give the pupil examples in 
every rule of Arithmetic. The greater number have been carefully com- 
piled from the latest University and School Examination Papers. 

— SCHOOL CLASS-BOOK of ARITHMETIC. i8mo. cloth, 
3^. Or sold separately, Parts I. and II. lod. each ; Part III. is. 

— KEYS to SCHOOL CLASS-BOOK of ARITHMETIC. Com- 
plete in one Volume, i8mo., cloth, 6s. 6d. ; or Parts I., II., and 
III. 2s. 6d. each. 

— SHILLING BOOK of ARITHMETIC for NATIONAL 
and ELEMENTARY SCHOOLS. i8mo. cloth. Or separately, 
Part I. 2d. ; Part II. 3^. ; Part III. yd. Answers, 6d. 

The Same, with Answers complete. i8mo. cloth, is. 6d. 

— KEY to SHILLING BOOK of ARITHMETIC. i8mo. cloth, 
4s. 6d. 

— EXAMINATION PAPERS in ARITHMETIC. In Four 
Parts. i8mo. cloth, is. 6d. The Same, with Answers, i8mo. 
is. gd. 

— KEY to EXAMINATION PAPERS in ARITHMETIC. 
i8mo. cloth, 4s. 6d. 
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SNOWBALL.— PLANE and SPHERICAL TRIGONOMETRY. 

With the Construction and Use of Tables of Logarithms. By 
J. C. Snowball. Tenth Edition. Crown 8vo. cloth, js. 6d. 

TAIT and STEELE.— DYNAMICS of a PARTICLE. With 
Examples. By Professor Tait and Mr. Steele. New Edition. 
Crown 8vo. cloth, ioj. 6d. 

In this Treatise will be found all the ordinary propositions connected with 
the Dynamics of Particles which can be conveniently deduced without the 
use of D'Alembert's Principles. Throughout the book will be found a 
number of illustrative Examples introduced in the text, and for the most 
part completely worked out ; others, with occasional solutions or hints to 
assist the student, are appended to each Chapter. 

TAYLOR.— GEOMETRICAL CONICS ; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B.A., Scholar of St. John's College, Cambridge. Crown 8vo. 
cloth, *js. 6d. 

TODHUNTER.— Works by I. Todhunter, M.A., F.R.S., Fellow 
and Principal Mathematical Lecturer of St. John's College, Cam- 
bridge : — 

— THE ELEMENTS of EUCLID for the use of COLLEGES 
and SCHOOLS. New Edition. i8mo. cloth, y. 6d. 

— ALGEBRA for BEGINNERS. With numerous Examples. 
New Edition. i8mo. cloth, 2s. 6d. 

Great pains have been taken to render this work intelligible to young students 
by the use of simple language and by copious explanations. In accord- 
ance with the recommendation of teachers, the examples for exercises are 
very numerous. 

— KEY to ALGEBRA for BEGINNERS. Crown 8vo., cl., 6s. 6d. 

— TRIGONOMETRY for BEGINNERS. With numerous 
Examples. i8mo. cloth, 2s. 6d. 

Intended to serve as an introduction to the larger treatise on Plane Trigo- 
nometry, published by the author. The same plan has been adopted as in 
the Algebra for Beginners: the subject is discussed in short chapters, and 
a collection of examples is attached to each chapter. 

— MECHANICS for BEGINNERS. With numerous Examples. 
i8mo. cloth, 4s. 6d. 

Intended as a companion to the two preceding books. The work forms an 
elementary treatise on Demonstrative Mechanics. It may be true that 
this part of mixed mathematics has been sometimes made too abstract and 
speculative ; but it can hardly be doubted that a knowledge of the elements 
at least of the theory of the subject is extremely valuable even for those 
who are mainly concerned with practical results. The author has accord- 
ingly endeavoured to provide a suitable introduction to the study of applied 
as well as of theoretical Mechanics. 
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TODHUNTER.—VloxVs by I. Todhunter, M.A.— Continued. 

— A TREATISE on the DIFFERENTIAL CALCULUS. 
With Examples. Fourth Edition. Crown 8vo. cloth, iar. 6d. 

— A TREATISE on the INTEGRAL CALCULUS. Third 
Edition, revised and enlarged. With Examples. Crown 8vo. 
cloth, iar. 6d. 

— A TREATISE on ANALYTICAL STATICS. With Ex- 
amples. Third Edition, revised and enlarged. Crown 8vo. cloth, 
iar. 6d. 

— PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight Line and the CONIC SECTIONS. With numerous 
Examples. Fourth Edition. Crown 8vo. cloth, Js. 6d. 

— ALGEBRA. For the use of Colleges and Schools. Fourth 
Edition. Crown 8vo. strongly bound in cloth, *js. 6d. 

This work contains all the propositions which are usually included in ele- 
mentary treatises on Algebra, and a large number of Examples for Ex- 
ercise. The author has sought to render the work easily intelligible to 
students without impairing the accuracy of the demonstrations, or contract- 
ing the limits of the subject. The Examples have been selected with a 
view to illustrate every part of the subject, and as the number of thein is 
about Sixteen hundred and fifty, it is hoped they will supply ample exer- 
cise for the student. Each set of Examples has been carefully arranged, 
commencing with very simple exercises, and proceeding gradually to those 
which are less obvious. 

— PLANE TRIGONOMETRY. For Schools and Colleges. 
Third Edition. Crown 8vo. cloth, 5j\ 

The design flf this work has been to render the subject intelligible to be- 
ginners, and at the same time to afford the student the opportunity of ob- 
taining all the information which he will require on this branch of Mathe- 
matics. Each chapter is followed by a set of Examples ; those which are 
entitled Miscellaneous Examples, together with a few in some of the other 
sets, may be advantageously reserved by the student for exercise after he 
has made some progress in the subject. In the Second Edition the 
hints for the solution of the Examples have been considerably increased. 

— A TREATISE ON SPHERICAL TRIGONOMETRY. 
Second Edition, enlarged. Crown 8vo. cloth, 4s. 6d. 

This work is constructed on the same plan as the Treatise on Plane Trigo- 
nometry, to which it is intended as a sequel. Considerable labour has 
been expended on the text in order to render it comprehensive and ac- 
curate, and the Examples, which have been chiefly selected from Uni- 
versity and College Papers, have all been carefully verified. 

— EXAMPLES of ANALYTICAL GEOMETRY of THREE 
DIMENSIONS. Second Edition, revised. Crown 8vo. cloth, 4*. 

— AN ELEMENTARY TREATISE on the THEORY of 
EQUATIONS. Second Edition, revised. Crown 8vo. cloth, 
is. 6d. 
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WILSON.— ELEMENTARY GEOMETRY FOR SCHOOLS. 
Part I. The Angle, Triangle, Parallels, and Equivalent Forces, 
with the Application of Problems. By J. M. WILSON, M.A., 
Fellow of St. John's College, Cambridge, and Assistant Master in 
Rugby School. [In the Press. 

— A TREATISE on DYNAMICS. By W. P. Wilson, M.A., 
Fellow of St. John's College, Cambridge ; and Professor of 
Mathematics in Queen's College, Belfast. 8vo. 9«r. 6d. 

WOLSTENHOLME.—K BOOK of MATHEMATICAL PROB- 
LEMS on subjects included in the Cambridge Course. By Joseph 
Wolstenholme, Fellow of Christ's College, sometime Fellow of 
St. John's College, and lately Lecturer in Mathematics at Christ's 
College. Crown 8vo. cloth, &r. 6d. 

Contents: Geometry (Euclid). — Algebra. — Plane Trigonometry. — Conic 
Sections, Geometrical.— Conic Sections, Analytical. — Theory of Equations. 
— Differential Calculus. — Integral Calculus. — Solid Geometry — Statics. — 
Dynamics, Elementary. — Newton. — Dynamics of a Point. — Dynamics of 
a Rigid Body. — Hydrostatics. — Geometrical Optics. — Spherical Trigono- 
metry and Plane Astronomy. 

In each subject the order of the Text-Books in general use in the University 
of Cambridge has been followed, and to some extent the questions have 
been arranged in order of difficulty. The collection will be found to be 
unusually copious in problems in the earlier subjects, by which it is de- 
signed to make the work useful to mathematical students, not only in the 
Universities, but in the higher classes of public schools. 
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GEIKIE.— ELEMENTARY LESSONS in PHYSICAL GEO- 
LOGY. By Archibald Geikie, F.R.S., Director of the Geo- 
logical Survey of Scotland. {Preparing. 

HUXLEY.— LESSONS in ELEMENTARY PHYSIOLOGY. 
With numerous Illustrations. By T. H. Huxley, F.R.S., Pro- 
fessor of Natural History in the Royal School of Mines. Fifth 
Thousand. i8mo. cloth, 4s. 6d. 

" It is a very small book, but pure gold throughout. There is not a waste 
sentence, or a superfluous word, and yet it is all clear as daylight. It 
exacts close attention from the reader, but the attention will be repaid by 
a real acquisition of knowledge. And though the book is so small, it 

manages to touch on some of the very highest problems The whole 

book shows how true it is that the most elementary instruction is best 
given by the highest masters in any science." — Guardian. 

"The very best descriptions and explanations of the principles of human 
physiology which have yet been written by an Englishman." — Saturday 
Review. 
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LOCKYER.— ELEMENTARY LESSONS in ASTRONOMY, 
with numerous Illustrations. By J. Norman Lockyer. 

[Preparing. 

OLIVER.— LESSONS IN ELEMENTARY BOTANY. With 
nearly Two Hundred Illustrations. By Daniel Oliver, F.R.S., 
F.L.S. Third Thousand. i8mo. cloth, 4s. 6d. 

" The manner is most fascinating, and if it does not succeed in making this 
division of science interesting to every one, we do not think anything can. 
.... Nearly 200 well executed woodcuts are scattered through the text, 
and a valuable and copious index completes a volume which we cannot 
praise too highly, and which we trust all our botanical readers, young and 
old, will possess themselves of." — Popular Science Review. 

" To this system we now wish to direct the attention of teachers, feeling 
satisfied that by some such course alone can any substantial knowledge of 
plants be conveyed with certainty to young men educated as the mass of 
our medical students have been. We know of no work so well suited to 
direct the botanical pupil's efforts as that of Professor Oliver's, who, with 
views so practical and with great knowledge too, can write so accurately 
and clearly." — Natural History Review. 

" It is very simple, but truly scientific, and written with such a clearness 

which shows Professor Oliver to be a master of exposition No one 

could have thought that so much thoroughly correct botany could have 
been so simply and happily taught in one volume." — American Journal 
0/ Science and A rts. 

ROSCOE.— LESSORS in ELEMENTARY CHEMISTRY, In- 
organic and Organic. By Henry Roscoe, F.R.S., Professor 
of Chemistry in Owen's College, Manchester. With numerous 
Illustrations and Chromo-Litho. of the Solar Spectra. Seventh 
Thousand. i8mo. cloth, 4$-. 6a 7 . 

It has been the endeavour of the author to arrange the most important facts 
and principles of Modern Chemistry in a plain but concise and scientific 
form, suited to the present requirements of elementary instruction. For 
the purpose of facilitating the attainment of exactitude in the knowledge of 
the subject, a series of exercises and questions upon the lessons have been 
added. The metric system of weights and measures, and the centigrade 
thermometric scale, are used throughout the work. 

" A small, compact, carefully elaborated and well arranged man ual," — 
Spectator. 

" It has no rival in its field, and it can scarcely fail to take its place as the 
text-book at all schools where chemistry is now studied." — Chemical News. 

"We regard Dr. Roscoe's as being by far the best book from which a 
student can obtain a sound and accurate knowledge of the facts and prin- 
ciples of rudimentary chemistry." — The Veterinarian. 
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ATLAS of EUROPE. Globe Edition. Uniform in size with 
Macmillan's Globe Series, containing 48 Coloured Maps, on the 
same scale Plans of London and Paris, and a copious Index, 
strongly bound in half-morocco, with flexible back. 9«r. 

Notice. — This Atlas includes all the Countries of Europe in a Series of 
Forty-eight Maps, drawn on the same scale, with an Alphabetical Index to 
the situation of more than 10,000 Places ; and the relation of the various 
Maps and Countries to each other is denned in a general Key-Map. 

The identity of scale in all the Maps facilitates the comparison of extent and 
distance, and conveys a just impression of the magnitude of different 
Countries. The size suffices to show the Provincial Divisions, the Rail- 
ways and Main Roads, the Principal Rivers and Mountain Ranges. As 
a book it can be opened without the inconvenience which attends the use 
of a folding map. 

" In the series of works which Messrs. Macmillan and Co. are publishing 
under this general title (Globe Series) they have combined portableness 
with scholarly accuracy and typographical beauty, to a degree that is 
almost unprecedented. Happily they are not alone in employing the 
highest available scholarship in the preparation of the most elementary 
educational works ; but their exquisite taste and large resources secure an 
artistic result which puts them almost beyond competition. This little 
atlas will be an invaluable boon for the school, the desk, or the traveller's 
portmanteau." — British Quarterly Review. 

EARLY EGYPTIAN HISTORY for the Young. With Descriptions 
of the Tombs and Monuments. New Edition, with Frontispiece. 
Fcap. 8vo. $s. 

" Written with liveliness and perspicuity." — Guardian. 

" Artistic appreciation of the picturesque, lively humour, unusual aptitude for 
handling the childish intellect, a pleasant style, and sufficient learning, 
altogether free from pedantic parade, are among the good qualities of this 
volume, which we cordially recommend to the parents of inquiring and 
book-loving boys and girls." — Athenteum. 

" This is one of the most perfect books for the young that we have ever seen. 
We know something of Herodotus and Rawlinson, and the subject is cer- 
tainly not new to us ; yet we read on, not because it is our duty, but for very 
pleasure. The author has hit the best possible way of interesting any one 
young or old." — Literary Churchman. 
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HOLE.— A GENEALOGICAL STEMMA of the KINGS of ENG- 
LAND and FRANCE. By the Rev. C. Hole. In One Sheet 
is. 

— A BRIEF BIOGRAPHICAL DICTIONARY. Compiled and 
Arranged by Charles Hole, M.A., Trinity College, Cambridge. 
Second Edition, in Pott 8vo., neatly and strongly bound in cloth, 

The most comprehensive Biographical Dictionary in English, — containing 
more than 18,000 names of persons of all countries, with dates of birth and 
death, and what they were distinguished for. 

" An invaluable addition to our manuals of reference, and from its moderate 
price, it cannot fail to become as popular as it is useful." — Times. 

" Supplies a universal want among students of all kinds. It is a neat, com- 
pact, well printed little volume, which may go into the pocket, and should 
be on every student's table, at hand, for reference." — Globe. 

JEPHSON.— SHAKESPEARE'S TEMPEST. With Glossary and 
Explanatory Notes. By the Rev. J. M. Jephson. i8mo. is. 6d. 

" His notes display a thorough familiarity with our older English literature, 
and his preface is so full of intelligent critical remark, that many readers 
will wish that it were longer."— Guardian. 

OPPEN.— FRENCH READER. For the use of Colleges and 
Schools. Containing a Graduated Selection from Modern Authors 
in Prose and Verse; and copious Notes, chiefly Etymological. 
By Edward A. Oppen. Fcap. 8vo. cloth, 4s. 6d. 

" Mr. Oppen has produced a French Reader, which is at once moderate yet 
full, informing vet interesting, which in its selections balances the moderns 

fairly against the ancients The examples are chosen with taste and 

skill, and are so arranged as to form a most agreeable course of French 
reading. An etymological and biographical appendix constitutes a very 
valuable feature of the work." — Birmingham Daily Post. 

A SHILLING BOOK of GOLDEN DEEDS. A Reading-Book for 
Schools and General Readers. By the Author of "The Heir of 
Redclyffe." i8mo. cloth. 

" To collect in a small handy volume some of the most conspicuous of these 
(examples) told in a graphic and spirited style, was a happy idea, and the 
result is a little book that we are sure will be in almost constant demand in 
the parochial libraries and schools for which it is avowedly intended." — 
Educational Times. 

A SHILLING BOOK of WORDS from the POETS. By C. M. 
Vaughan. i8mo. cloth. 
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TURING.— Works by Edward Thring, M.A., Head Master of 
Uppingham : — 

— THE ELEMENTS of GRAMMAR taught in ENGLISH. 
With Questions. Fourth Edition. i8mo. 2s. 

— THE CHILD'S GRAMMAR. Being the substance of "The 
Elements of Grammar taught in English," adapted for the use of 
Junior Classes. A New Edition. i8mo. is. 

The author's effort in these two books has been to point out the broad, 
beaten, every-day path, carefully avoiding digressions into the bye-ways 
and eccentricities of language. This work took its rise from questionings 
in National Schools, and the whole of the first part is merely the writing 
out in order the answers to questions which have been used already with 
success. Its success, not only in National Schools, from practical work 
in which it took its rise, but also in classical schools, is full of encourage- 
ment. 

— SCHOOL SONGS. A collection of Songs for Schools. With 
the Music arranged for Four Voices. Edited by the Rev. E. 
Thring and H. Riccius. Music Size. Js. 6d. 
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EASTWOOD.— THE BIBLE WORD BOOK. A Glossary of Old 
English Bible Words. By J. Eastwood, M.A., of St. John's 
College, and W. Aldis Wright, M.A., Trinity College, Cam- 
bridge. i8mo. 5 j. 6d. 

(Uniform with Macmillan's School Class Books.) 

HARDWICK.— K HISTORY of the CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Luther. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. ior. dd. 

The History commences with the time of Gregory the Great, and is carried 
down to the year 1520, — the year when Luther, having been expelled from 
those Churches that adhered to the Communion of the Pope, established a 
provisional form of government and opened a fresh era m the history of 
Europe. 

— A HISTORY of the CHRISTIAN CHURCH during the 
REFORMATION. By Archdeacon Hardwick. Revised by 
Francis Procter, M.A. Second Edition. Crown 8vo. ioj. 6d. 

This work forms a Sequel to the author's book on The Middle Ages. The 
author's wish has been to give the reader a trustworthy version of those 
stirring incidents which mark the Reformation period. 
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MACLEAR.— \Nor\^ by the Rev. G. F. Maclear, B.D., Head 
Master of King's College School, and Preacher at the Temple 
Church : — 

— A CLASS-BOOK of OLD TESTAMENT HISTORY. Fourth 
Edition, with Four Maps. i8mo. cloth, 4s. 6d, 

" A work which for fulness and accuracy of information may be confidently 
recommended to teachers as one of the best text-books of Scripture History 
which can be put into a pupil's hands." — Educational Times. 

" A well-arranged summary of the scriptural story." — Guardian. 

— A CLASS-BOOK of NEW TESTAMENT HISTORY: in- 
cluding the Connection of the Old and New Testament. With 
Four Maps. Second Edition. i8mo. cloth. $s. 6d. 

" Mr. Maclear has produced in this handy little volume a singularly clear 
and orderly arrangement of the Sacred Story. . . . His work is solidly and 
completely done." — Athencrum. 

— A SHILLING BOOK of OLD TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo. cloth. 

— A SHILLING BOOK of NEW TESTAMENT HISTORY, 

for National and Elementary Schools. With Map. i8mo. cloth. 

— CLASS BOOK of the CATECHISM of the CHURCH of 
ENGLAND. i8mo. cloth, 2s. 6d. 

PROCTER.— A. HISTORY of the BOOK of COMMON PRAYER : 
with a Rationale of its Offices. By Francis Procter, M.A. 
Seventh Edition, revised and enlarged. Crown 8vo. ioj. 6d. 

In the course of the last twenty years the whole question of Liturgical know- 
ledge has been reopened with great learning and accurate research, and it 
is mainly with the view of epitomizing their extensive publications, and 
correcting by their help the errors and misconceptions which had obtained 
currency, that the present volume has been put together. 

— AN ELEMENTARY HISTORY of the BOOK of COMMON 
PRAYER. By Francis Procter, M.A. Second Edition. 
i8mo. 25. 6d. 

The author having been frequently urged to give a popular abridgment of 
his larger work in a form which should be suited for use in schools and for 

feneral readers, has attempted in this book to trace the History of the 
'rayer-Book, and to supply to the English reader the general results which 
in the larger work are accompanied by elaborate discussions and references 
to authorities indispensable to the student. It is hoped that this book may 
form a useful manual to assist people generally to a more intelligent use of 
the Forms of our Common Prayer. 

PSALMS of DAVID Chronologically Arranged. By Four Friends. 
Crown 8vo., ioj. 6d. 

" It is a work of choice scholarship and rare delicacy of touch and feeling." 
—British Quarterly. 
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RAMSAY.- THE CATECHISER'S MANUAL; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By Arthur Ramsay, M.A. 
Second Edition. i8mo. is. 6d. 

SIMPSON— AN EPITOME of the HISTORY of the CHRIST- 
IAN CHURCH. By William Simpson, M.A. Fourth 
Edition. Fcap. 8vo. 3s. 6d. 

SWAINSON—K HAND-BOOK to BUTLER'S ANALOGY. 
By C. A. Swainson, D.D., Norrisian Professor of Divinity at 
Cambridge. Crown 8vo. is. 6d. 

WESTCOTT.— K GENERAL SURVEY of the HISTORY of the 
CANON of the NEW TESTAMENT during the First Four 
Centuries. By Brooke Foss Westcott, B.D., Assistant Master 
at Harrow. Second Edition, revised. Crown 8vo. ior. 6d. 

The Author has endeavoured to connect the history of the New Testament 
Canon with the growth and consolidation of the Church, and to point out 
the relation existing between the amount of evidence for the authenticity 
of its component parts and the whole mass of Christian literature. Such a 
method of inquiry will convey both the truest notion of the connexion ot 
the written Word with the living Body of .Christ, and the surest conviction 
of its divine authority. 

— INTRODUCTION to the STUDY of the FOUR GOSPELS. 
By Brooke Foss Westcott, B.D. Third Edition. Crown 
8vo. 10s. 6d. 1 

This book is intended to be an Introduction to the Study of the Gospels. In 
a subject which involves so vast a literature much must have been over- 
looked ; but the author has made it a point at least to study the researches 
of the great writers, and consciously to neglect none. 

— THE BIBLE in the CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. Second Edition. By Brooke Foss Westcott, B.D. 
i8mo. cloth, 4s. 6d. 

" Mr. Westcott has collected and set out in a popular form the principal facts 
concerning the history of the Canon of Scripture. The work is executed 
with Mr. Westcott' s characteristic ability." — Journal of Sacred Literature. 

WILSON.— AN ENGLISH HEBREW and CHALDEE LEXI- 
CON and CONCORDANCE to the more Correct Understanding 
of the English translation of the Old Testament, by reference to 
the Original Hebrew. By William Wilson, D.D., Canon of 
Winchester, late Fellow of Queen's College, Oxford. Second 
Edition, carefully Revised. 4to. cloth, 25J. 

The aim of this work is, that it should be useful to Clergymen and all per- 
sons engaged in the study of the Bible, even when they do not possess a 
knowledge of Hebrew ; while able Hebrew scholars have borne testimony 
to the help that they themselves have found in it. , 
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ARNOLD.— A FRENCH ETON ; or, Middle-Class Education and 
the State. By Matthew Arnold. Fcap. 8vo. cloth, 2s. 6d. 

*'A very interesting dissertation on the system of secondary instruction in 
France, and on the advisability of copying the system in England." — 
Saturday Review. 

— SCHOOLS and UNIVERSITIES on the CONTINENT. 8vo. 
10s. 6d. 

BLAKE.— A VISIT to some AMERICAN SCHOOLS and COL- 
LEGES. By Sophia J ex Blake. Crown 8vo. cloth. 6s. 

" Miss Blake gives a living picture of the schools and colleges themselves, in 
which that education is carried on." — Pall- Mall Gazette. 

"Miss Blake has written an entertaining book upon an important subject; 
and while we thank her for some valuable information, we venture to 
thank her also for the very agreeable manner in which she imparts it." — 
A thetueum. 

"We have not often met with a more interesting work on education than 
that before us." — Educational Times. 

ESSAYS ON A LIBERAL EDUCATION. By Charles Stuart 
Parker, MA., Henry Sidgwick, M.A., Lord Houghton, 
John Seeley, M.A., Rev. F. W. Farrar, M.A., F.R.S., &c, 
E. E. Bowen, M.A., F.R.A.S., J. W. Hales, M.A., J. M. 
Wilson, M.A., F.G.S., F.R.A.S., W. Johnson, M.A. Edited 
by the Rev. F. W. Farrar, M.A., F.R.S., late Fellow of Trinity 
College, Cambridge ; Fellow of King's College, London ; Assist- 
ant Master at Harrow; Author of "Chapters on Language," &c, 
&c. Second Edition. 8vo. cloth, ioj-. 6d. 

FARRAR.— ON SOME DEFECTS IN PUBLIC SCHOOL 
EDUCATION. A Lecture delivered at the Royal Institution. 
With Notes and Appendices. Crown 8vo. is, 

TJIR/NG.— EDUCATION AND SCHOOL. By the Rev. Edward 
Thring, M.A., Head Master of Uppingham. Second Edition. 
Crown 8vo. cloth. 6s. 

YOUMANS.— MODERN CULTURE : its True Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown 8vo. Ss. 6d. 
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